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ABSTRACT
STRUCTURAL APPLICATIONS OF METAL FOAMS
CONSIDERING MATERIAL AND GEOMETRICAL
UNCERTAINTY
SEPTEMBER 2011
MOHAMMADREZA MORADI
B.Sc., IRAN UNIVERSITY OF SCIENCE AND TECHNOLOGY
M.Sc., SHARIF UNIVERSITY OF TECHNOLOGY
Ph.D., UNIVERSITY OF MASSACHUSETTS AMHERST
Directed by: Sanjay R. Arwade
Metal foam is a relatively new and potentially revolutionary material that al-
lows for components to be replaced with elements capable of large energy dissipation,
or components to be stiffened with elements which will generate significant supple-
mentary energy dissipation when buckling occurs. Metal foams provide a means to
explore reconfiguring steel structures to mitigate cross-section buckling in many cases
and dramatically increase energy dissipation in all cases.
The microstructure of metal foams consists of solid and void phases. These voids
have random shape and size. Therefore, randomness ,which is introduced into metal
foams during the manufacturing processes, creating more uncertainty in the behav-
ior of metal foams compared to solid steel. Therefore, studying uncertainty in the
performance metrics of structures which have metal foams is more crucial than for
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conventional structures. Therefore, in this study, structural application of metal
foams considering material and geometrical uncertainty is presented.
This study applies the Sobol’ decomposition of a function of many random vari-
ables to different problem in structural mechanics. First, the Sobol’ decomposition
itself is reviewed and extended to cover the case in which the input random variables
have Gaussian distribution. Then two examples are given for a polynomial function
of 3 random variables and the collapse load of a two story frame. In the structural
example, the Sobol’ decomposition is used to decompose the variance of the response,
the collapse load, into contributions from the individual input variables. This de-
composition reveals the relative importance of the individual member yield stresses
in determining the collapse load of the frame. In applying the Sobol’ decomposition
to this structural problem the following issues are addressed: calculation of the com-
ponents of the Sobol’ decomposition by Monte Carlo simulation; the effect of input
distribution on the Sobol’ decomposition; convergence of estimates of the Sobol’ de-
composition with sample size using various sampling schemes; the possibility of model
reduction guided by the results of the Sobol’ decomposition.
For the rest of the study the different structural applications of metal foam is
investigated. In the first application, it is shown that metal foams have the potential
to serve as hysteric dampers in the braces of braced building frames. Using metal
foams in the structural braces decreases different dynamic responses such as roof drift,
base shear and maximum moment in the columns. Optimum metal foam strengths
are different for different earthquakes. In order to use metal foam in the structural
braces, metal foams need to have stable cyclic response which might be achievable
for metal foams with high relative density.
The second application is to improve strength and ductility of a steel tube by fill-
ing it with steel foam. Steel tube beams and columns are able to provide significant
strength for structures. They have an efficient shape with large second moment of
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inertia which leads to light elements with high bending strength. Steel foams with
high strength to weight ratio are used to fill the steel tube to improves its mechanical
behavior. The linear eigenvalue and plastic collapse finite element (FE) analysis are
performed on steel foam filled tube under pure compression and three point bending
simulation. It is shown that foam improves the maximum strength and the ability
of energy absorption of the steel tubes significantly. Different configurations with
different volume of steel foam and composite behavior are investigated. It is demon-
strated that there are some optimum configurations with more efficient behavior. If
composite action between steel foam and steel increases, the strength of the element
will improve due to the change of the failure mode from local buckling to yielding.
Moreover, the Sobol’ decomposition is used to investigate uncertainty in the
strength and ductility of the composite tube, including the sensitivity of the strength
to input parameters such as the foam density, tube wall thickness, steel properties
etc. Monte Carlo simulation is performed on aluminum foam filled tubes under three
point bending conditions. The simulation method is nonlinear finite element analysis.
Results show that the steel foam properties have a greater effect on ductility of the
steel foam filled tube than its strength. Moreover, flexural strength is more sensitive
to steel properties than to aluminum foam properties.
Finally, the properties of hypothetical structural steel foam C-channels foamed are
investigated via simulations. In thin-walled structural members, stability of the walls
is the primary driver of structural limit states. Moreover, having a light weight is one
of the main advantages of the thin-walled structural members. Therefore, thin-walled
structural members made of steel foam exhibit improved strength while maintaining
their low weight. Linear eigenvalue, finite strip method (FSM) and plastic collapse
FE analysis is used to evaluate the strength and ductility of steel foam C-channels
under uniform compression and bending. It is found that replacing steel walls of the
viii
C-channel with steel foam walls increases the local buckling resistance and decreases
the global buckling resistance of the C-channel.
By using the Sobol’ decomposition, an optimum configuration for the variable
density steel foam C-channel can be found. For high relative density, replacing solid
steel of the lips and flange elements with steel foam increases the buckling strength.
On the other hand, for low relative density replacing solid steel of the lips and flange
elements with steel foam deceases the buckling strength. Moreover, it is shown that
buckling strength of the steel foam C-channel is sensitive to the second order Sobol’
indices.
In summary, it is shown in this research that the metal foams have a great potential
to improve different types of structural responses, and there are many promising
application for metal foam in civil structures.
ix
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INTRODUCTION
Metal foams are a relatively new class of materials with low densities and novel
physical, mechanical, thermal, electrical and acoustic properties. They have potential
for lightweight structures, for energy absorption, and for thermal management[6].
Although metal foams are utilized in aerospace and automotive applications that
require materials that are light, stiff, permeable and energy absorbent, the potential
structural application of metal foams has not been adequately investigated. The
development of metal foams and their implementation in structures has been caught
in a classic catch-22 in which commercialization of the impressive work of materials
scientists and metallurgists is hampered by the lack of a marketplace for steel foams,
and the development of structural applications is hampered by the lack of inexpensive
versions of the material available in industrial quantities. Therefore, in this study we
seek to begin to break this impasse by demonstrating how metal foams may be used
in the civil structures to improve their performance without increasing the overall
weight of the structural member significantly.
Using metal foams in civil structures has some advantages and disadvantages. The
advantages are:
• Metal foams are ideal to be used in energy dissipating devices due to their
capacity for absorbing large amounts of energy at lower stress levels. More-
over, because of their low specific weight, they do not add undue weight to the
structure.
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• Metal foams have a high stiffness-to-weight ratio and therefore can be used
as the stiffener in the members while total mass of the structure will not be
changed significantly.
• Metals in the structures can be replaced with metal foams, creating members
with similar weight but much lower local slenderness ratios.
• Some kinds of the metal foams such as steel foams show some evidences for
weldability to other steel components. This is one of the benefits of using steel
foams for enhancing ductility in comparing to other methods such as shape
memory alloys.
The disadvantages of using metal foam in structural application are:
• Mass production of metal foam does not yet exist, yet recent key advances in the
manufacture of metal foams present the first opportunity to develop practical
applications for metallic foams in civil structures.
• The production of a metal foam with desirable properties is currently too hard.
Moreover, greater randomness is introduced into metal foams during the man-
ufacturing processes compared to solid steel, creating more uncertainty in the
behavior of metal foams than in the behavior of solid steel. Therefore, studying
uncertainty in the performance metrics of structures which have metal foams is
more crucial than for conventional structures.
This research comprises two problems: global sensitivity analysis for structural
system and the structural application of metal foams. Metal foams can be installed
in structures in order to improve the performance of the structures in different ways.
They can be used to improve dynamic behavior, energy absorption or buckling resis-
tance depending on the properties of the material and the way they are installed. If
there are weight issues in the structures, metal foams are an efficient option which
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are light and relatively stiff. For each of these issues deep understanding about struc-
tural behavior and material mechanics is needed to determine where and how to
install metal foams in the structures.
There are many material and geometrical sources of uncertainty in structures
which incorporate metal foams. One approach to making such problems tractable
is to identify the most important sources of uncertainty and focus attention only on
those dimensions of the input space. In the first chapter of this thesis the Sobol’ de-
composition [41], which is a global sensitivity analysis method, will be introduced. In
this part, the Sobol’ decomposition is used to decompose the variance of the structural
response into contributions from the individual input variables. This decomposition
reveals the relative importance of the individual member yield stresses in determin-
ing the collapse load of a two story frame. In applying the Sobol’ decomposition to
this structural problem the following issues are addressed: Calculation of the com-
ponents of the Sobol’ decomposition by Monte Carlo simulation; The effect of input
distribution on the Sobol’ decomposition; Convergence of estimates of the Sobol’ de-
composition with sample size using various sampling schemes; the possibility of model
reduction guided by the results of the Sobol’ decomposition.
The rest of of this thesis focuses on applications of metal foams both at the
component and system level. Using metal foams as a fuse element in braced frame
system will be the focus at the systems level. The use of metal foams to increase
strength and ductility and to mitigate local instability modes will be the focus at the
component level. The objective here is to use computational simulation to explore
and identify the most promising applications for metal foams and then use these
findings to motivate future research studies on structural application of metal foams.
In the second chapter of the study, the possibility of using metal foam in hysteric
dampers will be investigated. This is a system level application of metal foam in the
structures. In this part characteristics and applications of the metal foam are pre-
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sented. Then, the behavior of a hybrid brace incorporating metal foam is evaluated.
Finally, the total response of the structure with metal foam as the energy absorber is
presented.
For using metal foam in the component level, two archetype steel structures are
defined: square steel tube and thin walled C-channel. Two major modifications are
explored for the member archetypes: (1) adding foam inserts to the member at critical
locations for steel tube, and (2) foaming the basic shape for C-channel.
In the fourth chapter, improving the buckling response of a square steel tube, the
first archetype, by using steel foam is presented. In this part of the study, the buckling
response of the steel foam filled tube under different load condition and steel foam
configuration is discussed and it will be shown that strength and ductility of the steel
tube can be improved by filling it with metal foam. Then, the Sobol’ decomposition
will be used to find which geometric and material parameters have the greatest effect
on the response of the metal foam filled tube. Properties of the steel tube which is
filled by aluminum foam are considered as the input variables and the strength and
the energy absorption capacity of the beam are chosen as the output variables.
Thin-walled structures have many engineering applications in which it is desired to
be efficient in strength and cost by minimizing material resulting in light structures.
Moreover, the stability of the thin walls often controls the strength of the member.
In the fourth chapter, improving buckling resistance of the C-channels, the second
archetype, by replacing steel walls by metal foams is also investigated. The finite
strip method is used to evaluate the buckling response of the foamed C-channel.
Elastic instability can occur in such channels in one of three fundamental modes,
local, distortional, or global, or in modes which are combinations of the fundamental
modes. It is shown how variation of wall relative density can affect the fundamental
modes. Moreover, nonlinear collapse analysis and sensitivity analysis of the steel foam
C-channel are investigated.
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In last chapter, all of the findings are summarized and significant discussion about
the future work possibilities are presented.
5
CHAPTER 1
VARIANCE DECOMPOSITION AND GLOBAL
SENSITIVITY FOR STRUCTURAL SYSTEMS
1.1 Introduction
One of the challenging issues in modern civil engineering analysis is the typically
large number of random quantities defining the input and system parameters. This
challenge arises in problems involving large structures such as tall buildings and those
involving random and heterogeneous materials. One approach to making such prob-
lems tractable is to identify the most important sources of uncertainty and focus
attention only on those dimensions of the input space.
Such a method is proposed here that uses the Sobol’ decomposition [41], a global
sensitivity analysis method. Sudret [42] demonstrated some global sensitivity anal-
ysis using polynomial chaos expansion. Ghanem et al. [14] used stochastic model
reduction for chaos representations, and, moreover, used stochastic model reduction
by constructing a coarse-scale from a specified fine-scale whose probabilistic structure
can be accurately determined[3]. Furthermore, Arwade et al have applied dimensional
reduction techniques to problems in micromechanics [4, 27, 5].
Generally, there are two types of sensitivity analysis: regression-based methods
and variance-based methods. Regression-based methods use a regression of the out-
put on the input vector and variance-based methods decompose the variance of the
output as a sum of contributions of each input variable. The variance-based tech-
niques are sometimes called ANOVA techniques for ANalysis Of VAriance. The Sobol’
decomposition is one of the family of ANOVA techniques. In this study the Sobol’
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decomposition is applied to two example response functions. One an analytic func-
tion used to demonstrate the calculations and to provide a template for interpreting
the results. The second is a realistic structural problem, in which the decomposition
is used to analyze uncertainty in the collapse load of a building frame in which the
individual members have random yield stress.
Before developing the example applications, the Sobol’ decomposition and its
properties are defined for the case when the input variables are uniform. This results
in the simplest expressions for the terms of the decomposition. The next section
presents the formal extension of the decomposition to the case in which the input
variables are Gaussian. Following these introductory materials two examples are pre-
sented. Finally, it is shown that in addition to being a powerful tool for variance
decomposition and sensitivity analysis, the Sobol’ decomposition can provide guid-
ance in model reduction procedures.
1.2 The Sobol’ decomposition
This section presents the formulation of the Sobol’ decomposition and its prop-
erties to make the current paper as self-contained as possible. More details about
the assumptions and theory can be found in the original publications [41, 42, 40, 39].
The Sobol’ decomposition was originally developed for the analysis of functions of uni-
form random variables. Here the decomposition is extended and used for functions of
Gaussian input variables. It should be noted that the Sobol’ decomposition can be
used for functions of variables with any distribution. However, uniform and Gaussian
variables result in the most compact calculations. Use of uniform input variables
results in simple calculations because the pdf is constant, and use of Gaussian input
variables simplifies the calculations because the integrals of the Sobol’ decomposition
become expectations that are easily converted to the moments of a Gaussian variable,
for which the numerical values are known. These expectations would not be so easy
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to calculate exactly if the inputs have, for example, beta or exponential distribution.
After presenting the outline of Sobol’ decomposition for the uniformly distributed
input variables, the formulation for the Gaussian case is presented.
1.2.1 Input variables with uniform distribution
Let the random vector X ∈ Kn contain the random input and system parameters
that are used to generate a response function F (X). Here, X is restricted to contain
independent components and have a joint density that is uniform on Kn = {X :
0 ≤ Xi ≤ 1, i = 1, · · · , n}, the unit hypercube, and F (X) is scalar. The Sobol’
decomposition of F (X) is given by
F (X) = F0 +
∑
1≤i≤n
Fi(Xi) +
∑
1≤i<j≤n
Fij(Xi, Xj)+
∑
1≤i<j≤n
Fijk(Xi, Xj, Xk) + · · ·+
F12...n(X1, · · · , Xn) (1.1)
which is a type of ANOVA-decomposition. In this expansion, the individual terms,
called the Sobol’ functions, can be calculated by integrating F (X) according to
F0 =
∫
Kn
F (x)dx (1.2)
Fi(Xi) =
∫
Kn−1
F (x∼i, Xi)dx∼i − F0 (1.3)
Fij(Xi, Xj) =
∫
Kn−2
F (x∼i,j, Xi, Xj)dx∼ij − Fi(Xi)− Fj(Xj)− F0 (1.4)
where x∼i is the vector of dummy variables corresponding to all but the component
Xi of the input random vector X , dx∼i means integration with respect to all variables
except Xi and F0 is the mean value of the response function. Similarly, higher orders
of Sobol’ function can be calculated.
8
The decomposition depends on individual Sobol’ functions being orthogonal in
the sense that
∫
Kn
Fi1,i2,···is(xi1 , xi2 , · · ·xis)Fj1,j2,···jt(xj1 , xj2, · · ·xjt)dx = 0 (1.5)
when at least one of the subscripts on the two functions composing the integrand
differs.
The variance of F (X), denoted by D = var[F (X)] =
∫
Kn
F 2(X)dX − F 20 can be
decomposed according to
D =
∑
1≤i≤n
Di +
∑
1≤i<j≤n
Dij +
∑
1≤i<j<k≤n
Dijk + · · ·+D12...n (1.6)
Di =
∫
K1
F 2i (xi)dxi (1.7)
Dij =
∫
K2
F 2ij(xi, xj)dxidxj (1.8)
Dijk =
∫
K2
F 2ijk(xi, xj, xk)dxidxjdxk. (1.9)
Following the above definition of the partial variances, the Sobol’ indices are defined
as
Si =
Di
D
(1.10)
Sij =
Dij
D
(1.11)
Sijk =
Dijk
D
(1.12)
(1.13)
Higher orders of Sobol’ indices can be calculated with a similar approach. A property
of the Sobol’ indices is
∑
1≤i≤n
Si +
∑
1≤i<j≤n
Sij +
∑
1≤i<j<k≤n
Sijk + · · ·+ S12...n = 1. (1.14)
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1.2.2 Input variables with Gaussian distribution
The expressions of the previous subsection can be applied only when the input
variables are uniform on the unit hypercube. In order to extend the definition to cases
in which the input variables are non-uniform a new definition of the orthogonality of
the Sobol’ functions is required. This new definition comes from
∫
R1
Fi1,i2,···is(xi1 , xi2 , · · ·xis)φ1(xk)dxk = 0 for k = i1, i2, · · · is (1.15)
where φ1(xk) is the Gaussian pdf. Due to Eq. 1.15, the summands have this notion
of orthogonality to each other according to
∫
Rn
Fi1,i2,···is(xi1 , xi2 , · · ·xis)Fj1,j2,···jt(xj1 , xj2, · · ·xjt)φn(x)dx = 0 (1.16)
in which φn(X) is the n-dimensional Gaussian pdf. Then the following relationships
are obtained using the Sobol’ decomposition and the above conditions
∫
Rn
F (x)φn(x)dx =F0 (1.17)∫
Rn−1
F (x∼i, Xi)φn−1(x∼i)dx∼i = (F0 + Fi(Xi))φ1(xi) (1.18)∫
Rn−2
F (x∼ij, Xi, Xj)φn−2(x∼ij)dx∼ij = (F0 + Fi(Xi) + Fj(Xj) + Fij(Xi, Xj))φ2(xi, xj).
(1.19)
The Sobol’ functions can therefore be calculated by the following,
F0 =
∫
Rn
F (x)φn(x)dx (1.20)
Fi(xi) =
∫
Rn−1
F (x∼i, Xi)φn−1(x∼i)dx∼i
φ1(xi)
− F0 (1.21)
Fij(xi, xj) =
∫
Rn−2
F (x∼ij , Xi, Xj)φn−2(x∼ij)dx∼ij
φ2(xi, xj)
− F0 − Fi(Xi)− Fj(Xj). (1.22)
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The second moments of the Sobol’ functions are calculated by squaring the Sobol’
decomposition equation and multiplying the squared formula by the joint density
function and integrating it with respect to all the variables as follows,
∫
Rn
F 2(x)φ(x)dx =
∫
Rn
(
F0 +
n∑
s=1
∑
i1<i2<···<is
Fi1,i−2,···is(xi1 , xi2, · · · , xis)
)2
φ(x)dx.
(1.23)
After expanding the right hand side of Eq. 1.23 and considering orthogonality, the
expressions become
∫
Rn
F 2(x)φ(x)dx− F 20 =
∫
R1
F 21 (x1)φ(x1)dx1 +
∫
R1
F 22 (x2)φ(x2)dx2 + · · ·+∫
R2
F 21,2(x1, x2)φ2(x1, x2)dx1dx2 + · · · , (1.24)
thereby splitting Eq. 1.23 into variance terms
D = D1 +D2 + · · ·+D1,2 + · · ·D1,2,··· ,n. (1.25)
After calculating the variances, the Sobol’ indices can be calculated by the same
approach presented in the previous subsection. The above derivations show that it is
possible to apply the Sobol’ decomposition to a system in which the input variables
are Gaussian, rather than uniform. The key to extending the decomposition to the
Gaussian case is a modified version of the orthogonality condition for the Sobol’
functions, given in Eq. 1.16. The only difference between the orthogonality condition
of Eq. 1.16 and that used when the input variables are uniform is that the Gaussian
pdf φn(x) appears explicitly in the condition.Therefore, by adopting a slightly altered
form of the orthogonality condition it is possible to use this decomposition for response
functions of Gaussian as well as uniform input variables.
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The developments above show that the Sobol’ decomposition can be applied to
systems in which the input variables have Gaussian, rather than uniform distribution.
Importantly, the calculations necessary to develop the decomposition do not become
cumbersome when Gaussian input variables are considered because of the ease with
which moments of the Gaussian distribution are calculated. In order to consider sys-
tems in which the input variables have non-uniform and non-Gaussian distribution
all that is required is to replace the n-dimensional Gaussian pdfs φn(x) with the
corresponding non-Gaussian pdfs. Although it is simple to adapt the formulation
introduced above to the case where the input variables are non-uniform and non-
Gaussian, exact calculations will in general be more difficult since the convenience of
the easily obtained moments of the Gaussian distribution is lost. Furthermore, it is
still required that the input variables be independent. If, however, the input variables
are not independent, the required orthogonality condition, similar to that shown in
Eq. 1.16, is not valid, and the decomposition cannot be constructed. One possibil-
ity to overcome this admittedly significant restriction would be to decorrelate, by
an appropriate transformation, the vector of input variables, and then perform the
decomposition on the decorrelated variables. This approach, however, may signifi-
cantly distort the resulting Sobol’ indices, and the Sobol’ functions that depend on
the decorrelated variables may not have any physical meaning. At this time, there-
fore, the conclusion is that the method cannot be applied with confidence to systems
with correlated input variables.
1.2.3 Application of the Sobol’ decomposition
After calculation of the Sobol’ indices, the variables which have greater contribu-
tion to the variance of the response can be identified by ranking the Sobol’ indices.
The series expansion can be truncated by eliminating those functions with correspond-
ingly small Sobol’ indices. This truncation results in a reduced order description of
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the response function. In general the integrals of the preceding sections cannot be
calculated exactly, but must be estimated by numerical integration of the response
function, often by Monte Carlo simulation. In this case the estimation of the higher
order functions requires significantly more samples. It is therefore wise to first esti-
mate the first order Sobol’ functions and indices. If
n∑
i=1
Si ≈ 1 (1.26)
then it can be concluded that the higher order terms of the series have negligible
contribution to the total variance and can be neglected.
1.3 Classical gradient sensitivity analysis
The Sobol’ decomposition has been introduced as a method for global sensitivity
analysis. The emphasis here is on the global nature of the results obtained from
the Sobol’ decomposition, meaning that the Sobol’ indices give a description of the
importance of the individual input variables over their entire domain. The global
sensitivity analysis provided by the Sobol’ decomposition contrasts with point sensi-
tivity analysis that provides a quantification of the importance of input variables at
a single point in the input domain.
The standard formulation of a point sensitivity analysis is
R = ∇F (X) (1.27)
with componentwise approximations
Ri ≈ F (X
(0) + I(i)ǫ)− F (X(0) − I(i)ǫ)
2ǫ
(1.28)
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where X(0) is a vector often taken to be the mean value, but in principle can be any
point and I(i) is a vector with components
I
(i)
k =


0, k 6= i
1, k = i
, (1.29)
and ǫ is a small increment. One important distinction between Sobol’ and classical
sensitivity is that the Sobol’ decomposition detects interactions of input variables
through the second and higher order terms, while classical sensitivity methods give
only derivatives with respect to single variables.
1.4 Analytic example
This section presents a set of example calculations using the Sobol’ decomposition
in a case where an exact form of the response function is available. In engineering
practice this will not often be the case, but here such an example is presented to
clarify the method of calculation and application of the decomposition.
Let the response function be defined by polynomial
F (X1, X2, X3) = X
2
1 +X
4
2 +X1X2 +X2X
4
3 (1.30)
with X1, X2 and X3 independent and identically distributed variables defined by the
standard normal distribution. It is emphasized at this point that this function is not
meant to represent a physical system but rather is chosen arbitrarily as an illustrative
example.
A second version of this response function is defined to be
F (Y1, Y2, Y3) = Y
2
1 + Y
4
2 + Y1Y2 + Y2Y
4
3 (1.31)
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Table 1.1. Sobol’ Functions derived from a polynomial response function with Gaus-
sian and uniform input variables.
Sobol Functions Uniform Distributed Input Gaussian Distributed Input
F0 56.53 4
F1 Y
2
1 − 5.33 X21 − 1
F2 Y
4
2 + 51.2Y2 − 51.2 X42 + 3X2 − 3
F3 0 0
F12 Y1Y2 X1X2
F13 0 0
F23 Y2Y
4
3 − 51.2Y2 X2X43 − 3X2
F123 0 0
in which Y1, Y2 and Y3 are independent and equal to 8Z1 − 4, 8Z2 − 4 and 8Z3 − 4
respectively with Z ∼ U(0, 1). The result of this transformation is that the variables
Yi are defined in [−4, 4]. This range is chosen so that the domain of the uniform input
variables corresponds to the domain containing nearly the entire probability mass of
the Gaussian input variables Xi.
Tables 1.1 and 1.2 show the Sobol’ functions and Sobol’ indices for the response
functions given in Eqs. 1.30 and 1.31.
Many of the results presented in the tables can be interpreted by direct inspection
of the response function itself. For example, X3 and Y3 do not appear in the response
function in isolation, and therefore the first order Sobol’ functions associated with
these variables are zero. Furthermore, that S2 is larger than S1 is indicative of the
higher order power on the variables X2 and Y2 in the response function. Finally, the
nonzero values associated with S12 and S23 capture the terms in the polynomial that
involve products of more than one variable.
Despite overall similarity in the Sobol’ indices obtained for Gaussian and uniform
input variables, there are differences that highlight that the Sobol’ decomposition not
only captures global sensitivity, but also captures information about the probability
density of the input variables. Specifically, S2 is substantially higher for uniform than
gaussian input. This can be explained by observing that the variables X2 and Y2 ap-
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Table 1.2. Sobol’ Indices derived from a polynomial response function with Gaussian
and uniform input variables.
Sobol Indices Uniform Distributed Input Gaussian Distributed Input
S1 0.0098 0.0005
S2 0.5147 0.4281
S3 0.0000 0.0000
S12 0.0049 0.0007
S13 0.0000 0.0000
S23 0.4706 0.5708
S123 0.0000 0.0000
pear in the response to the 4th power. Since the uniform variable Y2 has significantly
more probability mass at the extremes of its domain than does the Gaussian vari-
able X2 the importance of this 4th power term is accentuated and the corresponding
Sobol’ index is higher.
As discussed previously, one of the advantages of using the Sobol’ decomposition is
obtaining guidance in reducing the dimension of the domain of the response function.
In this problem, according to Sobol’index values, the summation of S2 and S23 is equal
to 0.983 and 0.999 for Uniform and Gaussian input respectively. This indicates that
nearly all of the variance of the response can be represented by a function containing
only X2 and the combination (X2, X3) or, for the uniform case, the variable Y2 and
the variable pair (Y2, Y3). Such a function can be obtained by truncating the Sobol’
series representation of the response to be
F (X1, X2, X3) ≈ F (X2, X3) = F0 + F2(X2) + F23(X2, X3) (1.32)
in which the appropriate Sobol’ function should be used for the uniform and Gaus-
sian cases. In the application example presented next, the accuracy of such a reduced
dimension version of the response is investigated. This following example, for a prac-
tical problem of structural collapse, also illustrates the need for numerical integration
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Figure 1.1. Geometry, loading, and structural shapes of the UP36H frame used in
the structural example. [50]
by Monte Carlo simulation to obtain the Sobol’ decomposition when an exact form
of the response is not available.
1.5 Structural example
This section presents the application of the Sobol’ decomposition to a practical
problem in structural engineering, the collapse of a moment frame. The frame chosen
for study here has been used extensively in previous studies of structural collapse [50]
and reliability analysis [10]. In keeping with the nomenclature used in these previous
studies, the frame is here called UP36H, and is shown in Fig. 1.1 with dimensions,
element numbering, and the gravity load applied to the frame.
This frame is interesting for several reasons that make it suitable for an example
application of the Sobol’ decomposition. It is not symmetric so it fails in a lateral
sideway mode even when only gravity loads are applied. Moreover the failure mode
and load are sensitive to even small changes in the yield stress of individual members.
17
This feature of the response has already been observed in reliability studies of the
frame [10].
In this problem the geometry and loading of the frame are constant, and uncer-
tainty is introduced through the yield stresses of the individual members. These yield
stresses are contained in a vector of input variables FY in which component FYi is
the yield stress of element i. The response is taken to be the load factor at collapse,
that is, the multiplier applied to the loads shown in Fig. 1.1 to obtain the failure load.
This load factor at collapse is denoted by S.
To obtain the response of the subject frame, a nonlinear collapse analysis is per-
formed. Due to the asymmetry of the frame collapse occurs in a sidesway mode even
under gravity load. The horizontal displacement of joint A, as labeled in the figure,
is used to define collapse of the structure. Figure 1.2 shows load displacement traces
for several realizations of frame UP36H. These traces show that lateral collapse is the
failure mode, and that variation of the element yield stress does lead to significant
qualitative and quantitative variation in the collapse mechanism. The uncertainty in
the simulations shown in Fig. 1.2 is due to the member yield stresses FYi being drawn
from a uniform distribution on the interval (205, 291) MPa. More details about the
modeling of input uncertainty is given in the next subsection.
When the yield stress in all members is set to the mean value of 248 MPa, plastic
hinges form in the sequence shown in Fig. 1.3. As will be shown in the Sobol’ analysis,
there is a relationship between the locations of plastic hinging and the magnitude of
the Sobol’ indices.
1.5.1 Monte Carlo simulations
As mentioned above, the frame is analyzed for the two cases of uniform and Gaus-
sian yield stress. In both cases, the yield stresses of the members are independent
and identically distributed. For both cases, the mean value of the yield stress is
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Figure 1.2. Load-displacement traces for the collapse of the frame when the yield
stress of the structural elements is random and independent with 10% coefficient of
variation.
Figure 1.3. Hinge sequence during the collapse of frame when all elements have
yield stress of 248 MPa.
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assumed to be E[FYi] = 248 MPa, and the coefficient of variation to be 0.10, consis-
tent with the probability models used in previous reliability studies of the frame [10].
The probability models for the yield stress can therefore be compactly described by
FYi ∼ U(205, 291) MPa for the uniform case, and FYi ∼ N(248, 24.8) MPa for the
Gaussian case. The Gaussian model more closely represents the reality of property
variation in structures, whereas the uniform model allows for simpler calculation of
the Sobol’ decomposition. Note that for formal calculations the Gaussian distribution
should be truncated at 0+ so that non-physical negative yield stresses are not per-
mitted. With the prescribed coefficient of variation of 0.10, however, the generation
of negative yield stress does not occur in practice.
In addition to the two different probability models used for the yield stresses,
two sampling schemes are used to generate realizations for use in the Monte Carlo
simulation. A brute force (BF) sampling scheme is implemented for both the Gaussian
and uniform models, and a Latin Hypercube (LH) scheme is implemented for the
uniform model[17]. For the current example, with a 10 dimensional input space,
and a response function that can be numerically evaluated for a given sample in
a few seconds on a desktop computer, BF sampling is tractable and effective. As
the dimension of the input space grows or the time required for individual function
evaluations grows, however, BF sampling may become prohibitive. The LH sampling
scheme is demonstrated here to show that it can provide accurate estimate of the
components of the Sobol’ decomposition with significantly less computational expense
than with a BF scheme.
1.5.1.1 Latin Hypercube Sampling
In brute force sampling, new samples are generated without considering the pre-
viously generated samples, but in latin hypercube sampling, generation of the new
samples depends on the value of previously generated samples. In the Latin Hyper-
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Figure 1.4. Latin Hypercube sampling for 5 samples
cube sampling, first, the input domain is split into n intervals of equal probability,
where n is the number of samples that are to be performed on the model. Then, each
sample is chosen randomly within each interval. For example, figure 1.4 shows how
to use Latin Hypercube sampling for 5 sample. The input domain is split into five
intervals and each sample is chosen random in each interval. The general effect is that
the convergence to the true value happens more quickly than brute force sampling.
By splitting the input domain to intervals and choosing samples from each interval,
the sampling is forced to cover input domain faster than brute force sampling.
1.5.2 Sobol’ parameters evaluation
While the so-called curse of dimensionality applies to the size of the input domain,
it also affects the estimation of the Sobol’ functions from Monte Carlo simulations.
If the number of samples required for an accurate estimate of the response function
over its entire ni-dimensional domain is ns,total then the number of samples required
for accurate estimation of a Sobol’ function of order p is approximately
p
ni
√
ns,total.
Thus, the number of samples needed for estimation of a Sobol’ function grows rapidly
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with increasing order of the function. Recall that the order of the Sobol’ function is
the number of input variables upon which the Sobol’ function depends, and should
not be confused with, for example, the order of a polynomial. For example, the Sobol’
function F13(x1, x3) is a second order function, regardless of what the actual form of
the function is.
In practice, therefore, it is convenient to estimate all the first order Sobol’ functions
and indices from Monte Carlo simulations and calculate the sum
S(1) =
ni∑
i=1
Si. (1.33)
If S(1), the sum of all the first order Sobol’ indices, satisfies the condition 1− S(1) <
ǫ, where ǫ is some small number, perhaps 0.10, then all the higher order Sobol’
indices must be negligible, and the set of first order Sobol’ functions provides a nearly
complete representation of the response.
Estimation of a first order Sobol’ function from simulation data can be made by the
following procedure that effectively involves projection of the simulation data onto one
of the input coordinate axes. Denote by {I(j)} a set of intervals that completely covers
the domain of Xi, one of the input variables. Let the center of each of these intervals
be denoted by X(j), and let {X(j,k)} be the set of input vectors that satisfy Xi ∈ I(j),
that is, whose ith component is in the jth interval dividing the input domain. This
set of notations amounts to a binning of the Monte Carlo data according to the value
of a single input variable. An estimate of the first order Sobol’ function fi(Xi) is then
obtained by the averaging operation
fi(X
(j)) =
∑mij
k=1 F (X
(j,k))
mij
(1.34)
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where mij is the number of input vectors satisfying Xi ∈ I(j) and F (X(j,k)) is a
response evaluation at input point X(j,k).
Figure 1.5 shows the ten first order Sobol’ functions derived by BF sampling
of the uniform input set FYi ∼ U(205, 291). Note that the x-axis values in the
figure have been scaled to be in the interval [0, 1], but that here Xi = 0 corresponds
to FYi = 205 MPa and Xi = 1 corresponds to FYi = 291 MPa. If the variation
of a Sobol’ function surrounding its mean value is large then the influence of that
variable on the response function is correspondingly large. For example, variation
of F8 surrounding its mean value is larger than that of F1. Therefore, S8 should be
larger than S1 which is confirmed by checking the results shown in Table. 1.3. The
first order Sobol’ functions derived by LH sampling of the uniform input space and
BF sampling of the Gaussian input space are qualitatively similar to those shown in
Fig. 1.5, and are omitted for the sake of brevity.
Table 1.3 presents the comparison of the first order Sobol’ indices for three kinds
of analysis in this study. The results shown are based on 10000 BF random samples
of the uniform and Gaussian input spaces, and 800 LH samples of the uniform input
space. The comparison is made to 10000 BF samples because, based on the con-
vergence study which will present later, this number of samples provides very good
estimates of the Sobol’ indices. It should not be interpreted that 800 LH are equiv-
alent to 10000 BF samples. Rather, LH sampling may give a substantially greater
increase in simulation efficiency.
The results obtained by the three simulation schemes are generally similar to one
another. Specifically, the rank ordering of the Sobol’ indices is the same for all three
cases, indicating that the yield stress of elements 8, 2, 10 and 6 are most important
in determining the strength of the frame. Note that these are all elements in which
hinges form in the collapse mechanism shown in Fig. 1.3. The total fraction of the
variance captured by the first order functions is also similar, varying between 0.84
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Figure 1.5. Sobol’ functions derived from BF simulation of the collapse of frame
UP36H for uniform yield stresses
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Table 1.3. Sobol’ Indices for the frame UP36H for three cases of input uncertainty
and sampling method. (1) Uniform yield stresses and brute force Monte Carlo, (2)
Uniform yield stresses and Latin Hypercube sampling, and (3) Gaussian yield stresses
and brute force Monte Carlo.
Sobol Indices Unif. Dist. (BF) Unif. Dist. (LH) Gauss. Dist. (BF)
S1 0.002 0.008 0.003
S2 0.203 0.196 0.162
S3 0.003 0.010 0.004
S4 0.001 0.018 0.001
S5 0.016 0.037 0.021
S6 0.069 0.068 0.058
S7 0.013 0.015 0.009
S8 0.463 0.458 0.423
S9 0.001 0.020 0.003
S10 0.104 0.107 0.154
Sum = 0.874 0.937 0.837
and 0.94. This indicates that for this problem higher order contributions to the Sobol’
series are relatively small. From here forward the analysis focusses entirely on the
first order functions.
Despite the overall similarity of the results, there are differences between the
three sets of results. Differences between the BF and LH sampling of the uniform
input space are simply a result of sampling uncertainty. Differences between the
results of for the uniform and Gaussian input spaces, however, show how the Sobol’
decomposition captures information about input uncertainty in ways not possible
with standard sensitivity analysis. For the Gaussian inputs, for example, members 2
and 10 make nearly equal contributions to the response uncertainty.
Particularly interesting are the cases in which the first order Sobol’ functions show
a nonlinear relationship between the input variable and the response. In such cases
is where the results of a global sensitivity analysis will vary substantially from those
of a classical sensitivity analysis. In this example, F10 and, to a lesser degree, F8
show nonlinearity. The nonlinearity in F10 can be explained by reference to Fig. 1.3
which shows that the hinge at the middle of element 10 is one of the last to form.
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Therefore, at some value of the yield stress element 10 will stop participating in the
collapse mechanism of the frame, and the corresponding Sobol’ function will flatten,
as is seen in Fig. 1.5. This change in the collapse mechanism has been verified by
simulation of the failure of the frame with the yield stress of element 10 set to a high
value. This simulation, which is not shown here for brevity, shows that element 10
ceases to be part of the collapse mechanism when its yield stress is highly elevated.
1.5.3 Convergence of the Sobol’ functions and indices
In the previous section an example Sobol’ decomposition was shown that used BF
sampling with 10,000 samples, and LH sampling with 800 samples. In this section it
is shown that in both cases the number of samples used is sufficient to provide conver-
gence of the results. The convergence study is performed on the Sobol’ functions F6
and F8 and their corresponding indices S6 and S8. Figure 1.6 shows the convergence
of these Sobol’ indices for BF sampling of the uniform and Gaussian input spaces.
After 3000 sample convergence of the indices is observed.
One can immediately note that the convergence of the Sobol’ indices for the Gaus-
sian input space is not smooth, with seeming discontinuities in the estimated value
of the Sobol’ indices between about 1500 and 2500 samples. These anomalies in
the convergence curves are caused by a phenomenon seen in Fig. 1.7 and Table 1.4.
Concentrating on interval I(1), one can see from the table that, when the number
of samples is 1500 and 2000, no sample points occur within this bin. This means
that a correct estimate of the value of the Sobol’ function F8 is impossible in this
interval, and results in the anomalous behavior observed in the top two frames of
Fig. 1.7, where the Sobol function itself has a large discontinuity near the left end of
its domain. As soon as a single sample point is placed in I(i), however, which occurs
between the 2000th and 2500th sample for F8, the estimate of the Sobol’ function
improves dramatically as shown in the lower two frames of Fig. 1.7, and the corre-
26
500 1000 1500 2000 2500 3000 3500 4000
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
Number of Samples
So
bo
l’ I
nd
ice
s 
Va
lu
e
 
 
S6(Gaus.)
S6(Unif.)
S8(Gaus.)
S8(Unif.)
Figure 1.6. Convergence of Sobol’ indices S6 and S8 with increase in number of
samples using brute force Monte Carlo on uniform and Gaussian input spaces.
Table 1.4. Number of samples in each interval I(i) for calculation of S8 from a
Gaussian input space.
No. of Sim. 1 2 3 4 5 6 7 8 9 10 11 12 13 14
1500 0 10 20 64 128 245 290 282 219 140 59 29 8 5
2000 0 11 26 96 171 337 386 384 276 185 74 37 9 6
2500 1 13 32 114 228 416 489 472 360 222 88 45 10 8
3000 2 14 42 138 274 498 587 574 427 269 104 51 10 8
sponding Sobol’ index converges rapidly to its correct value. A similar explanation
is valid for the convergence behavior of S6 in the Gaussian space, though the details
are omitted here for brevity. This series of observations points to one of the short-
comings of performing numerical integration using BF samples in a Gaussian space,
and indicates that estimation of the Sobol’ functions could be dramatically improved
by the implementation of more intelligent sampling techniques.
The reason for using the LH method is to achieve accurate estimation of the Sobol’
functions using fewer samples than required by the BF sampling method. In order to
see how LH sampling is effective in this example, the convergence of Sobol’ indices
S6 and S8 is examined in the uniform input space using both BF and LH sampling.
Figure 1.8 shows this convergence and that LH sampling achieves an accurate result
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Figure 1.7. Convergence of Sobol’ function F8 with increasing number of samples
from a Gaussian input space.
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Figure 1.8. Comparison of convergence of Sobol’ indices S6 and S8 using brute force
and latin hypercube sampling on a uniform input space.
with roughly 400 samples as opposed to the approximately 2000 samples required for
convergence using BF sampling.
1.5.4 Comparison between Sobol’ analysis and classical sensitivity anal-
ysis
This section compares the global sensitivities obtained in the analysis described
above to the results of a classical, gradient based, sensitivity analysis in which the
gradients of the response with respect to each of the input variables is computed
using a finite difference approximation centered at the mean point of the input space.
The comparison in this section is made for the uniform input space. A central finite
difference approximation with each evaluation made by a nonlinear collapse analysis is
used to obtain the gradient sensitivities. The comparison between the Sobol’ global
sensitivity and the gradient sensitivity results is shown in Table 1.5, in which the
entries of the fifth column are the sensitivities normalized so that they sum to one.
Although this normalization does not have a well-founded mathematical or physical
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Table 1.5. Comparison between Sobol’ global sensitivity indices and classical gradi-
ent sensitivities for frame UP36H.
Element Sobol Indices Sobol Index Sensitivity Normalized Sensitivity
1 S1 0.002 0.30 0.008
2 S2 0.203 11.93 0.316
3 S3 0.003 0.00 0.000
4 S4 0.001 0.00 0.000
5 S5 0.016 0.19 0.005
6 S6 0.069 7.01 0.185
7 S7 0.013 2.57 0.068
8 S8 0.463 14.19 0.0375
9 S9 0.001 0.31 0.008
10 S10 0.104 1.30 0.034
justification, it allows easier comparison between the magnitude of the sensitivity and
the magnitude of the Sobol’ index.
The two approaches to sensitivity analysis give many similar results in this ex-
ample, for example suggesting that the strength of elements 8 and 2 have significant
effect on the the collapse load, and that the strength of elements 3 and 4 are not
important in determining the frame strength. One significant difference, however, is
apparent in the result for element 10. The Sobol’ global sensitivity analysis ranks the
yield stress of element 10 as the fourth most important variable in determining the
collapse load, and S10 = 0.10 is roughly 25% of the maximum sensitivity S8 = 0.46.
The point sensitivity results, however, rank the yield stress of element 10 as the fifth
most important variable in determining the collapse load, and, more significantly,
R10 = 1.3 is only 9% of the maximum sensitivity R8 = 14.19. An analyst could
reasonably conclude from the point sensitivity analysis that the yield stress of ele-
ment 10 does not significantly affect the strength of the frame, whereas the Sobol’
global sensitivity analysis shows that the strength can be significantly affected by the
strength of element 10. It should be noted that the point sensitivity analysis could
capture the significance of element 10 if a different point were chosen about which
to center the estimate of the sensitivity. It may not be always possible to rationally
30
choose the point at which to estimate sensitivity, and often the mean point of the
input vector is used. While the Sobol’ decomposition can detect the significance of
element 10 in this case, estimation of the Sobol’ indices requires a far greater number
of samples than the point-sensitivity analysis.
The difference in the global and point sensitivity results regarding element 10 stem
from the nonlinear nature of the dependence of the frame strength on the strength
of element 10. Figure 1.5 shows this nonlinearity, and one can see that the variation
over the entire domain of the function is much greater than would be concluded from
observation of the gradient at the mean point of the input domain.
Despite this difference in the results, it should be noted that sensitivity analysis
requires very few evaluations of the response function, and that there may also be
times when it is advantageous to have an estimate of the sensitivity at a point rather
than across the whole domain.
1.5.5 Approximate response functions by truncation of the Sobol’ series
In this section, another application of the Sobol’ decomposition, dimension reduc-
tion, is presented. This dimension, or model, reduction is accomplished by truncating
the Sobol’ series in such a way that an approximation to the response function is con-
structed that depends on a reduced set of input variables. The truncation of the Sobol’
series is guided by the values of the Sobol’ indices, with only variables appearing in
Sobol’ indices above a threshold value being retained in the reduced model.
In the current example, an obvious truncation would include only the input vari-
ables corresponding to the yield stress of elements 2, 6, 8, and 10, which account, in
only their first order forms, for 84% of the total response variance. This truncation
would be applicable to the response function for both the uniform and Gaussian input
spaces.
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Figure 1.9. Best bilinear fits to Sobol’ functions derived from a uniform input space.
Figure 1.9 and figure 1.10 show the Sobol’ functions whose Sobol’ indices exceed
0.05, namely F2, F6, F8 and F10, for Uniform and Gaussian inputs respectively. The
points in the figure are obtained by applying Eq. 1.34 to 10000 BF simulations. The
solid lines are linear or bilinear regressions to these data that are used to construct
approximate analytic response functions.
Table 1.6 and table 1.7 show the slope and intercept of the lines in regression
for Uniform and Gaussian inputs respectively. An approximate response function is
F ≈ F0 + F2 + F6 + F8 + F10. (1.35)
The accuracy of the response function depends both on the truncation chosen and
the regressions chosen to represent the individual Sobol’ functions. To quantify the
accuracy of the approximate response function, the normalized standard deviation
(NSD),
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Figure 1.10. Best bilinear fits to Sobol’ functions derived from a Gaussian input
space.
Table 1.6. Parameters of best bilinear fits to Sobol’ functions derived from a uniform
input space with F0 = 1.419
Line Specification F2 F6 F8 F10
First Line Slope 0.125 0.060 0.156 0.228
First line intercept −0.058 −0.030 −0.079 −0.062
Second line Slope 0.034 0.060 0.156 0.022
Second line intercept 0.004 −0.030 −0.079 −0.002
Table 1.7. Parameters of best bilinear fits to Sobol’ functions derived from a Gaus-
sian input space with F0 = 1.417
Line Specification F2 F6 F8 F10
First Line Slope 0.043 0.016 0.114 0.123
First line intercept 0.010 −0.008 0.095 0.142
Second line Slope 0.001 0.016 0.034 0.002
Second line intercept 0.026 −0.008 0.005 0.009
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NSD =
√ ∑10000
i=1 (Fresponse − Fpredict)2∑10000
i=1 (Fresponse − (mean(Fpredict))2
(1.36)
is used. The NSD should be interpreted as a combination of regression and truncation
error. To investigate the relative magnitude of the regression and truncation errors,
the NSD can be compared with the Sobol’ truncation error defined by
Sobol Error = 1−
m∑
i=1
Ski (1.37)
in which m is the number of variables retained in the approximate response function
and {Ski} are the indices of the included variables. The NSD is comparable to the
Sobol’ error because both of them are based on the standard deviation, but the Sobol’
error represents only the truncation error. Therefore the difference between the Sobol’
error and the NSD represents the regression error.
The NSD and the Sobol’ error are calculated for an approximate response function
with 1 to 6 variables retained in order of descending Sobol’ index. Figures 1.11 and
1.12 show the NSD and Sobol’ errors in terms of number of variables for Uniform and
Gaussian inputs respectively. They show that the accuracy increases only moderately
after the inclusion of the fourth variable. The Sobol’ error shown in the figure is an
approximation of the true truncation error since the Sobol’ error in this example is
obtained from BF simulation rather than exact calculations. This example study
demonstrates that a reasonable characterization of the response of this frame could
be obtained by a function depending on only four of the ten input variables.
1.6 Conclusion
As a preliminary to the application examples, the Sobol’ decomposition of a func-
tion of many random variables is introduced and it is shown how it can be applied to
functions with non-uniform input variables.
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Figure 1.11. Reduction in normalized standard deviation error with inclusion of
additional terms in the truncated Sobol’ decomposition of the uniform input space.
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Figure 1.12. Reduction in normalized standard deviation error with inclusion of
additional terms in the truncated Sobol’ decomposition of the Gaussian input space.
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Two example applications, one for an exact response function and one for the
problem of the collapse of a structural frame are presented. In each case, the Sobol’
decomposition is used to decompose the variance of the response into components
stemming from uncertainty in individual input variables. In the structural example
the collapse load is the response considered and the yield stresses of the 10 individual
members are the input variables. For the structural example Monte Carlo simulation
is used to compute the components of the Sobol’ decomposition and it is shown that
significant increase in the rate of convergence of the estimates of the Sobol’ functions
can be obtained by implementing appropriate sampling algorithms such as Latin
Hypercube sampling.
Through the examples it is demonstrated that the distribution of the input vari-
ables can have subtle but important effects on the variance decomposition and that
the Sobol’ decomposition, a global sensitivity analysis method, can provide insight
into uncertainty not available from standard sensitivity analysis. Finally, it is shown
how the Sobol’ indices provide information that can lead to a model reduction pro-
cedure. This delivers an approximate response function that retains reasonabely pre-
dictive accuracy while substantially reducing the dimension of the domain on which
the response function is defined.
To sum up, the main contributions of this study are: (1) extension of using Sobol’
decomposition for Gaussian input variables (2) using Sobol’ decomposition for global
sensitivity analysis of the structural system (3) Latin Hypercube Sampling conver-
gence study for Sobol’ indices (4) Using Sobol’ decomposition to find truncated re-
sponse surface.
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CHAPTER 2
USING METAL FOAMS IN THE STRUCTURAL BRACES
AS A HYSTERETIC DAMPER
2.1 Introduction
In the seismic design of the steel structures, structural members should be designed
for both strength and ductility. There are many procedures for improving ductility in
structures. One of them is using fuses in the structure to provide ductility. Moreover
fuses can work in the structure as a hysteretic dampers. There are different kind of
hysteretic dampers in structural applications. The possibility of using metal foams
in structural braces, as a systems-level archetype, to reduce the seismic response of
structures is investigated in this part of the study. Innovative inclusion of metal
foam components in the structures can remove the difficulties of using hot-rolled
steel in structural such as low cycle fatigue fractures of the braces in SCBF (Special
Concentrically-Braced Frames ) [47] and premature fracture of shear link in EBF
(eccentrically braced frames) [28].
In this chapter, after some review of ductility and hysteretic dampers, character-
istics and applications of metal foams are presented. Then, the behavior of a hybrid
brace containing the metal foam is evaluated. Finally, total response of the structure
with the metal foams as the energy absorber is presented.
2.1.1 Ductility
Ductility is the ability to sustain large inelastic deformations without significant
loss in strength. In other words ductility is inelastic deformation capacity. Ductility
can be obtained in the level of material properties in which some of the material
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Figure 2.1. Force-Displacement relation in (a) Brittle and (b) Ductile system
are ductile and some of them are brittle. Moreover, ductility can be evaluated in
the structural components such as connections and members. Finally, global frame
response can be evaluated based on ductility. In this study, metal foams will be used
in the braces to reduce global frame response.
Fig. 2.1 shows force displacement relation in two systems, one ductile and one
brittle. The hatched area shows the internal energy of the system. It can be seen
that to have equal internal energy, brittle system should tolerate larger internal force
in comparison to ductile system. Therefore brittle system must be designed for larger
forces which leads the structure to have larger cross section than ductile structure.
As a result of having large cross section, the brittle structure is more expensive and
heavier than ductile structures. This is not only costly but also creates large dynamic
loads. Here some of the advantages of ductility in the structures is listed :
• Prevent sudden fracture and provides warning of failure.
• Permits redistribution of internal stresses and forces.
• Design for smaller members in compare to the brittle systems.
• Increases strength of members, connections and structures.
• Permits structure to survive severe earthquake loading.
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Table 2.1. Ductility Fuses in the different structural systems
Structural System Fuse
Special Moment Frame Flexural Yielding of Beams
SCBF Cyclic buckling and tension Yielding of Braces
EBF Shear Yielding of Links
BRBF Tension and Compression Yielding of Braces
Special Plate Shear Walls Tension Field Yielding of Web Panels
CBF with Damper Plastic behavior of Damper
There are global methods to produce ductility in the structure to resist seismic
force. Firstly one of the frame elements should be chosen as a fuse to yield in the
earthquake. These fuses should provide ductility by collapsing before fracture of other
structural member. Therefore, the fuse should be designed to sustain large inelastic
deformations before failure happens. Finally, all other frame elements need to be
designed to be stronger than the fuses [15]. Table 2.1 illustrates the fuses in different
kind of structural systems.
In the conventional hot-rolled steel Special Concentrically-Braced Frames (SCBF)
the primary energy dissipator is cyclic buckling and tensioning of the brace. The
problem of this kind of fuse is low cycle fatigue fractures of the braces[47]. For this
reason, buckling-restrained braces (BRBs) have gained popularity in recent years
[31], including being incorporated into the national seismic specifications for steel
structures (AISC 2005) (Figure 2.2). BRBs are highly resilient members with strong
potential to improve seismic performance as compared to SCBFs. However, they are
found to fail, sometimes prematurely, either due to overall buckling of the brace [43]
or, more likely, due to premature buckling of the gusset plate [44].
In this study, metal foam is used as a hysteretic damper in the concentrically
braced frame. Actually, both BRB (Buckling Restrained Braces ) and CBF with
Metal Foams use relatively soft braces as hysteretic dampers in conjunction with
moment resisting frames. In BRB yielding occurs in steel core but in CBF with metal
foams yielding occurs in the metal foam. Relatively soft braces used as hysteretic
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Figure 2.2. Buckling Restrained Bracing Frames [9]
dampers reduced overall steel tonnage by 5 to 10 % for the entire structure[23].
Although, it is not expressed explicitly in this study, the motivation of this study is
to reduce the total cost of the structure by using metal foam to create soft braces.
2.1.2 Hysteretic Damper
Because of using metal foams as hysteretic damper in this study, it is worthwhile
to review different kinds of structural dampers. Viscoelastic dampers have been
used in several high-rise buildings for the reduction of earthquake-induced response.
Both analytical and experimental studies have shown that a significant reduction
in a structure’s response to earthquake excitation can be achieved by adding vis-
coelastic dampers to the structure [20], [26], [49]. Moreover, the energy-dissipating
characteristics of U-shaped mild steel strips, called U elements, are investigated by
subjecting them to a rolling-bending motion [1]. Friction dampers are another cat-
egory of dampers in which friction damping devices are inserted in a structure and
slip at a predetermined optimum load during severe seismic excitations, before any
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yielding of the structural members has occurred. Slipping of the devices allows the
structure to dissipate the input seismic energy mechanically by friction rather than
by inelastic deformation of structural elements [12], [16]. Metal foams ability for en-
ergy absorption makes use of the combination of high strength and the characteristic
non-linear deformation behavior, which originates from the cellular nature of metal
foams. In this study the possibility of using metal foam as a hysteretic damper is in-
vestigated. It is therefore an important task to characterize the deformation behavior
of metal foams to be able to assess the application opportunities.
2.2 Metal Foam
Metal foams have novel physical, mechanical, thermal, electrical and acoustic
properties. They can be used in lightweight structures, for energy absorption, thermal
management or increasing the strength [6]. In this section some of the characteristics
and applications of metal foams will be presented.
2.2.1 Making metal foams
There are too many procedures to make the metal foams. Five processes which
are in commercial production are listed below. [6]
1. Bubbling gas through molten alloys (Figure 2.3).
2. By Stirring a foaming agent into a molten alloy and controlling the pressure
while cooling (Figure 2.4).
3. Consolidation of a metal powder with a particular foaming agent followed by
heating into mushy state when the foaming agent releases hydrogen, expanding the
material.
4. Manufacture of a ceramic mold from a wax or polymer-foam precursor, followed
by burning-out of the precursor and pressure infiltration with a molten metal or metal
powder slurry which is then sintered (Figure 2.5).
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Figure 2.3. A schematic illustration of the manufacture of an aluminum foam by
the melt gas injection method (CYMAT and HYDRO processes) [6].
5. Vapor phase deposition or electrodeposition of metal onto a polymer foam
precursor which is subsequently burned out, leaving cell edges with hollow cores.
Each method can be used with small subset of metals to create a porous material
with a limited range of relative density and cell sizes. [6]
2.2.2 Characteristic
Fig. 2.6 shows schematic compressive stress-strain curves for typical metal foams.
They show linear elasticity at low stresses followed by a long collapse plateau, trun-
cated by a regime of densification in which the stress rises steeply. In compression,
the initial loading curve is not straight, and its slope is less than the true modulus,
because some cells yield at very low loads. The real elastic modulus needs to be
measured dynamically or by loading the foam into the plastic region then unloading
and determining E from the unloading slope. Linear elasticity is controlled by cell
wall bending and, if the cells are closed, by cell face stretching. Metal foams have a
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Figure 2.4. The process steps used in the manufacture of aluminum foams by gas-
releasing particle decomposition in the melt (Alporas process) [6].
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Figure 2.5. Investment casting method used to manufacture open cell foams (DUO-
CEL process) [6].
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Figure 2.6. Compression curve for a metal foam - schematic showing properties [6].
long plateau stress correspond to yielding of the cell edges in bending. The plateau
continues up to the densification strain, beyond which the structure compacts and the
stress rises steeply. These properties are important in energy-absorbing application,
to which metal foams lend themselves well [7].
In tension, initial linear elasticity is caused by cell wall bending, plus stretching,
if the cells are closed. The cell walls rotate towards the tensile axis by plastic bend-
ing, giving a yield point followed by a rising stress-strain curve which is ultimately
truncated by fracture [7].
The properties of a foam are best addressed by describing the properties of the
base metal, the relative density of metal foam, ρ/ρs (the foam density, ρ , divided by
density of base metal, ρs), and being open or closed cells. Table 2.2, figure 2.7 and
figure 2.8 depict the range of properties offered by currently available metal foam.
Many suppliers offer a variety of densities; the properties correspondingly, exhibit a
wide range. This is one of the attractive aspects of such materials: a desired profile
of properties can be had by selecting the appropriate density [6].
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Table 2.2. Ranges for mechanical properties of commercial metfoams [6]
Property(units) Cymat Alulight Alporas ERG Inco
Material Al-SiC Al Al Al Ni
Relative denity(-) 0.02-0.2 0.1-0.35 0.08-0.1 0.05-0.1 0.03-0.04
Structure(-) Closed cell Closed cell Closed cell Open cell Open cell
Density(Mg/m3) 0.07-0.56 0.3-1 0.2-0.25 0.16-0.25 0.26-0.37
Young modu.(GPa) 0.02-2.0 1.7-12 0.4-1.0 0.06-0.3 0.4-1.0
Com. Str.(MPa) 0.04-7.0 1.9-14 1.3-1.7 0.9-3.0 0.6-1.1
Ten. El. L.(MPa) 0.04-7.0 2.0-20 1.6-1.8 0.9-2.7 0.6-1.1
Ten. Str.(MPa) 0.05-8.5 2.2-30 1.6-1.9 1.9-3.5 1-2.4
Dens. Strain(-) 0.6-0.9 0.4-0.8 0.7-0.82 0.8-0.9 0.9-0.94
Ten. ductility(-) 0.01-0.02 0.002-0.04 0.01-0.06 0.1-0.2 0.03-0.1
Figure 2.7. The compressive strength plotted against density for currently available
metal foams [6].
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Figure 2.8. Young’s modulus plotted against density for currently available metal
foams [6].
Table 2.3. Scaling laws for the mechanical properties of foams [6]
Mec. pro.(U)Sym. Open cell foam Close cell foam
Y. modu.(GPa)E (0.1− 4)Es( ρρs )2 (0.1− 1)Es[0.5(
ρ
ρs
)2 + 0.3( ρ
ρs
)]
Com. Str.(MPa)σc (0.1− 1)σc,s( ρρs )3/2 (0.1− 1)σc,s[0.5(
ρ
ρs
)2/3 + 0.3( ρ
ρs
)]
Ten. Str.(MPa)σt (1.1− 1.4)σc (1.1− 1.4)σc
Dens. Strain(-)ǫD (0.9− 1)[1− 1.4 ρρs + 0.4(
ρ
ρs
)3] (0.9− 1)[1− 1.4 ρ
ρs
+ 0.4( ρ
ρs
)3]
Table 2.3 give scaling relations for foam properties. They derive partly from mod-
eling [7], most of it extensively tested on polymeric foams, and partly from empirical
fits to experimental data [6].
2.2.3 Applications
Cellular metallic materials are used in wide range of applications. Metal foams
offer significant performance gains in light, stiff structures, for the efficient absorption
of energy, for thermal management and perhaps for acoustic control and other, more
specialized applications. They are recyclable and nontoxic. In this study, mostly the
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Table 2.4. Potential structural applications for metal foams [6]
Application Comment
Lightweight structures Excellent stiffness-to-weight ratio when loaded in bending
Mechanical Damping The damping capacity of metal foams is larger than that
of solid metals by up to a factor of 10
Vibration Control Foamed panels have higher natural flexural frequencies
than solid sheet of the same mass per unit area
Acoustic absorption Reticulated metal foams have sound-absorbing capacity
Energy management Metal foams have exceptional ability to absorb energy at
almost constant pressure
Packaging Ability to absorb impact at constant load, coupled with
thermal stability above room temperature
Thermal Management Metfoams are non-flammable; oxidation of cell faces of
closed-cell aluminum foams appears to impart exceptional
resistance to direct flame
structural application of the metal foam is investigated. Table 2.4 shows a summary
of some of the structural applications of metal foams [6].
In many applications a medium, liquid or gaseous, is required to be able to pass
through the cellular material. Various degrees of openness are needed, ranging from
very open for high rate fluid flow to completely closed for load-bearing structural
applications, and appropriate materials should be chosen to satisfy these conditions.
Figure 2.9 shows which range of porosity is required in the various application fields
[8].
2.3 Preliminary design of the Hybrid Brace
In order to find the effect of the metal foam installed in the middle of the brace
on the total behavior of the structure, it is worthwhile to investigate the behavior of
the brace individually. Therefore, the original steel brace should be taken out from
the frame and split into three parts including metal foam at the center and steel at
the end. Then, the response of the hybrid brace should be evaluated after applying
the axial load. Figure 2.10 shows the configuration of the original bare steel brace
and the hybrid brace.
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Figure 2.9. Applications of cellular metals according to the degree of openness
needed and whether the application is more functional or structural [8].
Figure 2.10. Configuration of (a) Bare Steel Brace (b) Hybrid Brace
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The objective of this part of the study is to perform a preliminary design of the
hybrid brace in a way to satisfy the requirement for the strength and stiffness of the
brace. In order to design the hybrid brace, inputs and outputs of the problem should
be defined.
The input parameters are:
1. Material properties of the steel and metal foam
2. Loading condition
3. Geometry of the bare steel braces including length and cross sectional area
4. Required stiffness and strength for the braces
The output parameter is:
1. Geometry of the hybrid braces including length and cross sectional area of the
steel and metal foam part of the hybrid brace
In this section, design assumptions and criteria are presented based on these input
and output variables.
2.3.1 Design Assumptions
The design process usually starts with some assumptions for material properties
and loadings. The metal foam part of the hybrid brace is assumed to have elastic
perfectly plastic behavior with identical behavior in compression and tension. The
yield stress and elastic modulus are considered to be equal to 7MPa and 2000MPa
respectively. Therefore, it is assumed that tensile and compressive strength and
stiffness of the metal foam are equal in tension and compression. As it was presented in
the previous section, tensile and compressive behavior of the metal foam are different
but they are similar enough based on elastic modulus and yielding stress. Therefore
the assumption of identical behavior in tension and compression can be applied for
the preliminary evaluation with suitable accuracy.
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In this study, CBF with metal foams is designed in such a way to have a same
behavior as the BRB. Therefore, the design axial load of the hybrid brace is chosen
equal to the yielding force of the braces in the equivalent BRB system.
Figure 2.10 shows the bare steel brace and hybrid brace. The bare steel brace can
be designed to satisfy the requirement of stiffness and strength. But the problem with
bare steel braces is that they are not repairable after yielding. In the hybrid brace,
the damage is forced to occur in the metal foam part of the hybrid brace and after a
earthquake, deformed metal foam can be replaced readily with new metal foam.
It is noticeable that the brace connections are designed in a way to transmit no
moment to the braces. Therefore, braces need to be design just for the axial force.
2.3.2 Design Criteria
In order to design the geometry of the hybrid brace, four criteria should be satis-
fied:
1. Yielding should occur only in the metal foam section.
2. Stiffness of the hybrid brace should be equal to the target stiffness of the brace.
3. Buckling force should be larger than yielding force in hybrid brace.
4. Strain of the metal foam in the hybrid brace should be smaller than strain
capacity of the metal foam.
2.3.2.1 Yielding
As it is mentioned in the previous sections, yielding of the metal foam part of the
hybrid brace in the CBF with metal foam system is the fuse that provides ductility.
Therefore, the cross section of the metal foam should be designed in such a way that
yielding occurs in the metal foam instead of the steel part of the hybrid brace. Metal
foam is assumed to have cylindrical shape to avoid stress concentration. Eq. 2.1 shows
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the equation which need to be satisfied in order to force the damage to happen in
metal foam.
df =
√
4Py
σfπ
(2.1)
in which Py, σf , and df are axial yielding force of the brace, compression or tension
strength of the metal foam, and diameter respectively.
2.3.2.2 Stiffness
Stiffness of the hybrid brace is reduced when middle part of the bare steel brace
is replaced with the metal foam, with smaller stiffness than the steel. Therefore, the
stiffness of steel part of the hybrid brace need to be increased to increase the stiffness
of the hybrid brace to the required stiffness. By considering hybrid brace as a series
of springs, stiffness of the hybrid brace is equal to
KH = (
1
Kf
+
1
Ks
)−1 Ks =
EsAs
Ls
Kf =
EfAf
Lf
(2.2)
in which Ks, Kf and KH are the stiffness of the steel part of the hybrid brace, metal
foam part of the hybrid brace and total hybrid brace respectively. Equation 2.3 needs
to be satisfied to achieve required stiffness for the braces.
KH = KD (2.3)
in which KD is the required stiffness for the braces.
2.3.2.3 Buckling
The buckling load of the hybrid brace needs to be larger than yielding load of the
hybrid brace to avoid buckling before yielding.The geometry of the hybrid brace is
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obtained by using the yielding and stiffness criteria and then this criterion needs to
be checked.
The buckling load of the hybrid bracing (which is type of a stepped column ) can
be calculated by equation. 2.4. [46]
tan (
Pcr
4Es
) tan (
Pcr
4Ef
) =
EfLf
EsLs
(2.4)
By solving this equation numerically, the Pcr for the hybrid brace could be achieved.
2.3.2.4 Strain
The steel part of the hybrid brace shows elastic behavior and metal foam part
of the hybrid brace shows plastic behavire under design axial load. Therefore, total
elongation of the brace is almost equal to plastic deformation of metal foam. Metal
foam strain is equal to ǫf = δH/Lf in which δH is the maximum elongation or short-
ening of the hybrid brace. This strain should be smaller than strain capacity of the
metal foam (ǫcapacity).
2.3.3 Design Case Study
In this section, the procedure for designing a hybrid brace is presented in more
detail by allocating realistic values for different parameters. These parameters include
loading condition, material properties and brace geometry.
2.3.3.1 Loading
The buckling restrained brace of the first story of a 6 story frame (figure 2.11),
designed by Mahin et al [30], is chosen for this part of the study. Figure 2.12 shows
inelastic cyclic behavior of the buckling-restrained brace which is redrawn from the
figure reported by Mahin et al [30].
It can be seen that yielding force is almost equal to 1300 kN in this case and the
yielding approximately starts at displacement equal to 5mm.
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Figure 2.11. Configuration of the 6 story frame [30].
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Figure 2.12. Axial force-displacement plot for buckling restrained brace with steel
core unbonded from mortar filled steel tube [30]
Table 2.5. Pipe 8XS specification
Label A(mm2) OD(mm) ID(mm) Thickness(mm) I(mm4/106)
Pipe8XS 7680 219 194 12.7 41.6
2.3.3.2 Steel Brace
In order to avoid geometric or material nonlinearity in the steel brace, the yielding
force and buckling load of the bracing should be more than 1300 kN. By considering
steel pipe for the cross section of the brace with the length equal to 6058 mm [30],
E = 2 × 105MPa and σy = 250MPa, the cross section of the pipe should be larger
than Pipe 8XS with Pcr = 2248 kN and Py = 1906 kN. Therefore, yielding or buckling
does not happen for the bare steel brace because Pcr > Py > 1300 kN. Table 2.5 shows
the specification of Pipe 8XS.
2.3.3.3 Yielding
The yielding needs to be started in the metal foam when the brace axial force
reaches 1300 kN. By using equation 2.1 with Py = 1300kN, and the metal foam
strength σ = 7MPa (chosen from the range of the metal foam strength which is
shown in figure 2.7) , the metal foam diameter needs to be 490 mm. Therefore by
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Table 2.6. Values of the parameters in equation 2.2 and equation 2.3
Ab Af Lb Ls Lf Es Ef
(mm2) (mm2) (mm) (mm) (mm) (MPa) (MPa)
7680 185714 6058 5728 330 200000 2000
Table 2.7. Pipe 10XS specification
Label A(mm2) OD(mm) ID(mm) Thickness(mm) I(mm4/106)
Pipe10XS 9680 273 248 12.7 82.8
choosing metal foam cylinder with diameter equal to 490 mm, yielding is forced to
develop in the metal foam part of the hybrid brace.
2.3.3.4 Stiffness
According to figure 2.12 the required elastic stiffness of the brace isKD = 1300000/5 =
260000MPa. Table 2.6 shows the values of the parameters of the equation 2.2 for
calculation of Lf . By using these values in equation 2.2 and considering Lf = 330mm,
cross section area of the steel is obtained equal to 9683 mm2. Therefore, Pipe10XS
satisfy the stiffness criterion of the hybrid brace. Table 2.7 shows the Pipe 10XS
specification.
Figure 2.13 shows the hysteresis behavior of the bare steel and the hybrid brace,
by assuming elastic perfectly plastic behavior for both the steel and metal foam with
the same compressive and tensile strength. It can be seen that initial stiffness of
the hybrid brace is equal to that in bare steel brace. Furthermore, by comparing
figure 2.13 and figure 2.12, similar behavior can be seen for the hybrid brace and
buckling restrained brace.
2.3.3.5 Buckling
The buckling load of the hybrid brace should be larger than 1300 kN, to avoid
buckling before yielding. By solving equation 2.4 numerically, the buckling load of
the hybrid brace (Pcr) is forced to be equal to 4000 kN which is larger than 1300 kN.
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Figure 2.13. The hysteresis behavior of (a) the bare steel brace and (b)the hybrid
brace, by assuming elastic perfectly plastic behavior for both the steel and metal foam
with the same compression and tension strength
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Figure 2.14. Final design configuration of the hybrid bracing
Therefore yielding occurs before buckling in the hybrid brace. It is noticeable that
because of using metal foam instead of steel in the middle part of the brace Pcr is
reduced from 4453 kN in the bare steel brace to 4000 kN in hybrid brace column.
2.3.3.6 Strain
In this example the maximum displacement of the hybrid brace is δH = 40mm.
Therefore metal foam strain is equal to ǫf = 40/330 = 0.12 which is smaller than
strain capacity of the metal foam. Strain capacity of the metal foam is ǫcapacity = 0.2.
This value is chosen according to the tensile ductility from Table 2.2.
To sum up, by following these four steps of satisfying yielding, stiffness, buck-
ling and strain criteria of the hybrid brace, the final cross sections of the brace are
determined. Figure 2.14 shows the final design configuration of the hybrid brace.
2.3.4 Parametric Study
In this step, the effect of the metal foam geometric and material parameters on the
hybrid brace behavior is investigated. It is shown if one parameter in the hybrid brace
changes, how the other parameters need to be changed in order to satisfy the design
criteria. It should be mentioned that in the all parts of this section the buckling load
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of the hybrid brace is higher than the yielding force. Therefore, in this parametric
study the collapse mechanism of the hybrid braces is always yielding.
2.3.4.1 Strength of the metal foam
As it was mentioned, elastic perfectly plastic behavior with similar behavior in
tension and compression is assumed for the metal foam. Therefore compressive and
tensile strength of the metal foam are identical. By considering yielding and stiffness
criteria and constant length for the metal foam and steel parts of the hybrid brace,
changing the metal foam strength affects the cross sectional area of the metal foam
and steel part of the brace. Figure 2.15 shows that increasing metal foam strength
leads to the reduction of the metal foam diameter in the brace. This reduction is the
result of satisfying yielding criteria. Moreover, reduction of metal foam cross section
leads to increase in cross sectional area of steel parts of the hybrid brace to satisfy
stiffness criteria (figure 2.16). The asterisk point in the figures of this section depicts
the design point which is discussed in the previous section.
It can be seen that increasing the strength of the metal foam decreases the required
cross sectional area of the metal foam part of the brace significantly. Moreover, metal
foams with high strength do not have the desired properties of the metal foams such
as high ductility. Therefore, economical value for the strength of the metal foam can
not be chosen too small which leads to big cross sectional area and can not be chosen
too high which makes metal foam brittle. Therefore, 7 MPa is chosen for the strength
of metal foam (asterisk point ).
2.3.4.2 Elastic modulus of the metal foam
Changing the elastic modulus of the metal foam affects the cross sectional area of
the steel part of the hybrid brace while the length and strength of the metal foam and
steel parts of the hybrid brace is held constant. Figure 2.17 shows that increasing the
metal foam’s elastic modulus decreases cross sectional area of the steel part of the
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Figure 2.15. Metal foam diameter required for different metal foam strength (* is
for Ff=7 MPa and D=490 mm)
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Figure 2.16. Steel cross sectional area required for different metal foam strength (*
is for Ff=7 MPa and As=9680 mm2)
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Figure 2.17. Effect of metal foam elastic modulus on the cross sectional area of the
steel part of the hybrid brace (* is for Ef=2000 MPa and As=9680 mm2)
brace and ductility of the hybrid brace. Therefore, the metal foam’s elastic modulus
equal to 2000 MPa (asterisk point in figure) is an appropriate value.
2.3.4.3 Length of the metal foam
Changing length of the metal foam in the brace affects the cross sectional area
of the steel part of the hybrid brace while the cross sectional area and strength of
the metal foam parts of the hybrid brace is held constant. Figure 2.18 shows that
increasing length of the metal foam increases cross sectional area of the steel part
of the brace. Moreover, increasing length of the metal foam is costly. Therefore,
the length of the metal foam should be as short as possible. The lower boundary
for the length of the metal foam is limited by the strain capacity of the metal foam.
Therefore, Lf = 330mm is the appropriate length for the metal foam in the hybrid
brace.
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Figure 2.18. Effect of metal foam length on the cross sectional area of the steel part
of the hybrid brace (* is for Lf=330 mm and D=490 mm)
2.3.4.4 Diameter of the metal foam
The yielding criteria is not satisfied if the diameter of the metal foam changes and
the strength of the metal foam is held constant. Therefore, in order to evaluate the
effect of the diameter of the metal foam on response of the hybrid brace, only the
stiffness criterion is satisfied. Figure 2.19 illustrates the hysteresis behavior of the
brace with different diameter for the metal foam. The hysteresis with bold line shows
the hysteresis behavior for the brace which is designed in the previous section.
The area inside the hysteresis diagram is the dissipated energy of the system.
Therefore, in order to compare the efficiency of the hybrid brace with different diam-
eters for metal foam, the area inside the hysteresis diagram should be calculated for
different diameter of metal foams. Figure 2.20 shows that increasing the diameter of
the metal foam initially increases the energy absorption capacity of the brace, but
after a peak the interior energy decreases. This is due to the reduction of the portion
of the area inside the hysteresis diagram corresponds to perfectly plastic behavior.
Figure 2.21 shows the effect of the metal foam diameter on the steel cross sectional
area. It seems that for the metal foam diameter larger than 500mm, increasing
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Figure 2.19. Hysteresis behavior of the hybrid brace with different metal foam
diameters ( Not satisfying yielding criteria ) (Bold Line is for D=490 mm)
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Figure 2.20. Effect of the metal foam diameter on the interior energy of the hybrid
brace ( Not satisfying yielding criteria ) (* is for D=490 mm and Energy = 130000
kN.mm)
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Figure 2.21. Effect of the metal foam diameter on the cross sectional area of the
steel part of the hybrid brace( Not satisfying yielding criteria ) (* is for D=490 mm)
diameter does not affect the steel cross sectional area significantly. Therefore, the
optimum value for the metal foam diameter is 500mm (asterisk point in figure 2.21).
2.4 Structural Response of CBF with Metal Foam Damper
In this part of the study, the effect of the hybrid brace with metal foam on the
dynamic response of the building is investigated. One of the frames of the building,
designed by Mahin et al [30], is chosen in this study to assess the performance of the
hybrid brace with metal foam in the structures.
2.4.1 Frame Configuration
Figure 2.11 shows the geometry of the frame of the building which is assumed
to be located in metropolitan Los Angeles. The frame is designed according to the
1997 NEHRP Recommended Provisions for Seismic Regulations for New Buildings
and Other Structures (FEMA 302/303)[30]. It can be seen that dead load in each
floor is 72.26 N/mm which leads to 657.6 kN mass in each floor. Table 2.8 shows the
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Table 2.8. Brace properties of the 6 story frame
Story Tension capacity Axial stiffness
(kN) (kN/mm)
6 770 156
5 1281 251
4 1410 274
3 1552 299
2 1730 330
1 2273 334
brace properties of the 6 story frame. Braces in the frame are designed in a way to
satisfy the tensile capacity and the required axial stiffness. The period of the frame is
0.51 sec. An effective structural damping coefficient of 5 % is assumed for the frame,
according to common practice for code designed steel structures.
2.4.2 Metal Foam Configuration in the Braces
In this step of the study, elastic perfectly plastic behavior is assumed for the metal
foam (Figure 2.13). Two different configurations are chosen for the geometry of the
metal foam in the braces. In configuration I, axial stiffness of the braces is considered
to be equal to the required axial stiffness of the braces in the original frame with BRB
(table 2.8). Table 2.9 shows the geometry of the steel and metal foam part of the
braces in configuration I. In this configuration, metal foam diameters are calculated by
equating tensile capacity of the braces to the tensile capacity of the BRB (table 2.8).
Strength and elastic modulus of the metal foam is chosen equal to 7 MPa and 2000
MPa respectively.
It can be seen that in this case metal foam dimensions are not practical. Some of
them are large (more than 0.5 m) and they have different lengths and diameters in
different stories. Therefore, in configuration II, shown in table 2.10, practical values
of the metal foam dimension are assigned. It should be mentioned that in this case
axial stiffness and tensile capacity of the braces are not equal to those in BRB.
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Table 2.9. Geometry of the metal foam and steel in the brace of the 6 story
frame (metal foam strength = 7 MPa and metal foam elastic modulus = 2000
MPa)(configuration I)
Story Brace Length Steel Cross Section Met Foam Length Met Foam Dia.
(mm) (mm) (mm)
6 6058 Pipe6XXS 805 374
5 6058 Pipe6XXS 359 483
4 6058 Pipe6XXS 231 506
3 6058 Pipe8XXS 534 531
2 6058 Pipe8XXS 416 561
1 7138 Pipe8XXS 198 643
Table 2.10. Geometry of the metal foam and steel in the brace of the 6 story frame
(metal foam elastic modulus = 500 MPa)(braces do not satisfy yielding and stiffness
criteria)(configuration II)
Story Brace Length Steel Cross Section Met Foam Length Met Foam Dia.
(mm) (mm) (mm)
6 6058 Pipe6XXS 400 250
5 6058 Pipe6XXS 400 250
4 6058 Pipe6XXS 400 250
3 6058 Pipe8XXS 400 350
2 6058 Pipe8XXS 400 350
1 7138 Pipe8XXS 400 350
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Table 2.11. Modal frequency of the frame
Mode Configuration I (Hz) Configuration II (Hz) No Brace (Hz)
1 1.95 1.24 0.29
2 5.59 3.39 0.98
3 9.73 5.88 2.00
4 13.71 8.20 3.35
5 17.69 10.01 5.07
6 21.21 12.94 6.80
Table 2.11 shows the modal frequencies of the first 6 modes of the frame with
different metal foam configurations and the frame without braces. It shows that
frequencies of the configuration II is smaller than configuration I. This shows that the
frame with configuration I for the metal foam is stiffer than frame with configuration
II. It is obvious that stiffness of the frame with no brace is smaller than frame with
braces. This can be seen in table 2.11. Moreover it can be seen that frequency of
the different modes are close to each other which leads to the severe seismic response
of the frame. The reason of severe response is due to the closeness of the loading
frequency and natural frequency in this frame.
2.4.3 Frame Analysis
Two types of loading condition are applied to the frame which has CBF with
metal foam as a lateral resistance system. First, cyclic sine displacement is applied to
the basement of the frame. Different types of dynamic response of the frame can be
investigated while the frame is excited by cyclic loading. Then, earthquake loading is
applied to the frame in order to evaluate the response of the frame to real earthquake
records. Dynamic nonlinear simulations are performed by ADINA which is the finite
element based software. Four types of dynamic responses of the frame are evaluated:
1. Base shear
2. Roof drift (relative displacement of the roof to the base)
3. Maximum moment in the columns
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4. Strain in the braces
Large base shear indicates large dynamic lateral force. The larger the base shear
the larger the cross section of the elements. Therefore, the value of the base shear
can be considered as a representative for the total cost of the frame.
In this study, roof drift, which is the relative displacement of roof to the base, is
investigated. The more drift the more structural damage occurs. Therefore, drift is
one of the responses which depicts the vulnerability of the structure. The absolute
value of drift is not instructive, therefore, the drift percentage which is percentage of
the roof drift to the frame height is presented. Frame hight is equal to 25500 mm.
The value of the moments in the columns show the contribution of the columns
to the lateral stiffness of the frame. Therefore, large value for the moment shows
the braces do not work efficiently to provide lateral stiffness. The absolute value of
the moment is not instructive, and therefore, the ratio of the moment to the plastic
moment (Mp) of the section needs to be evaluated. There are two types of columns in
this frame (W14×211 for first, second and third stories and W14×132 for fourth, fifth
and sixth stories) and moments are increasing from basement to the roof. Therefore,
the maximum M/Mp happens either in the first story or in the fourth story. It should
be mentioned that for this frame the maximum value of the M/Mp in the column
of the first story is always larger than that in forth story. Therefore, M/Mp of the
column in the first story is shown in this study. The plastic moment of the W14×211
is equal to 1.6× 106 kN.mm.
The large value for the metal foam strain, even with small value for base shear or
roof drift, is not acceptable, because large strain can not be developed in the metal
foam and it would fracture. The strain value more than 0.15 is not practical for
metal foam. Therefore, metal foam strain should also be considered in evaluation of
dynamic response of the frame. Maximum metal foam strain happens in the braces of
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the sixth story in this frame.Therefore, the values of the metal foam strain presented
in this study are metal foam strain in the braces of sixth story.
2.4.3.1 Cyclic Loading
In this section, results of the dynamic analysis of the frame with cyclic loading
are presented. Cyclic loading is applied as a sine function to the basement joint of
the frame. This function is shown in equation 2.5.
Displacment = A sin(2πfT ) (2.5)
In this equation A is the loading amplitude and f is the loading frequency. The
loading amplitude is considered to be equal to 100mm which is the average displace-
ment for the moderate earthquake.Total time of the loading is considered to be equal
to 40 sec. The maximum value of the responses is taken from the steady-state part
of the response.
As it is shown in table 2.11, the frequency of the first mode of frame with config-
uration II is equal to 1.24 Hz. If the loading frequency is considered to be equal to
1.24Hz, the frame shows the maximum response due to resonance. In order to see this
resonance to verify the simulations, the linear analysis need to be performed. Fig-
ure 2.22 shows the effect of the loading frequency on the responses of the structure.
Frequency is chosen in the range of 1 Hz to 1.5 Hz covering 1.24Hz.
As it is predicted, maximum responses happens in 1.24 Hz which is the natural
frequency of the system. This verifies the model is working properly and it can be
used for nonlinear simulations. result of the time history dynamic analysis. So the
same approach is performed for nonlinear model. Results of the nonlinear analysis are
shown in figure 2.23. Nonlinear model is more flexible than linear model. Therefore,
natural frequency of the nonlinear model is smaller than natural frequency of the
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linear model (1.24 Hz). The range of the loading frequency in the nonlinear model
varies from 0.3 Hz to 1.3 Hz.
By comparing results of the linear model and nonlinear model, it is illustrated
that yielding of metal foam, i.e., system nonlinearity, reduces the dynamic response
significantly. Moreover, resonance does not happen in nonlinear model. More discus-
sion about the effect of the metal foam on the frame response will be presented in
the following sections.
After confirmation of the result of the nonlinear dynamic analysis, it is worthwhile
to see dynamic response of the structure for wide range of frequencies. Dominant
displacement frequencies of the earthquakes are mostly smaller than 10 Hz. Therefore,
the dynamic responses of the frame in terms of loading frequency (up to 10 Hz) is
calculated. Figure 2.24 and figure 2.25 show the the effect of loading frequency
on the responses of the frame with configuration I and II respectively. It can be
seen there are some maxima in the response of the frame with configuration II which
do not exist in the frame with configuration I. These maxima show that resonance
happens when the loading frequencies are close to the modal frequencies of the frame
with configuration II. These resonances happen in configuration II and do not exist
in configuration I. This might happen because the frame with configuration II is not
well designed and it can therefore hit the natural frequency of the frame.
Figure 2.26 and figure 2.27 show the axial force in terms of axial deformation of
the braces under the cyclic loading with frequency = 1Hz for frame with configuration
I and II respectively. It can be seen that complete hysteresis behavior in tension and
compression is developed in the braces. This depicts the energy dissipation in the
braces during dynamic excitation.
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Figure 2.22. The effect of loading frequency on the maximum value of (a) base shear
(b) roof drift (c) moment ratio of the column (d) strain of the metal foam, (linear
analysis of the frame with metal foam configuration II, frequency range is from 1 Hz
to 1.5 Hz)
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Figure 2.23. The effect of loading frequency on the maximum value of (a) base shear
(b) roof drift (c) moment ratio of the column (d) strain of the metal foam, (nonlinear
analysis of the frame with metal foam configuration II, frequency range is from 0.3
Hz to 1.3 Hz)
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Figure 2.24. The effect of loading frequency on the maximum value of (a) base
shear (b) roof drift (c) moment ratio of the column (d) strain of the metal foam, in
nonlinear analysis with metal foam configuration I
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Figure 2.25. The effect of loading frequency on the maximum value of (a) base
shear (b) roof drift (c) moment ratio of the column (d) strain of the metal foam, in
nonlinear analysis with metal foam configuration II
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Figure 2.26. The axial force in terms of axial deformation of the braces of the frame
with configuration I, under the cyclic loading with frequency = 1Hz
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Figure 2.27. The axial force in terms of axial deformation of the braces of the frame
with configuration II, under the cyclic loading with frequency = 1Hz
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Table 2.12. Specification of the earthquakes applied to the frame
Record North Palm Springs Imperial Valley
Station 5070 North Palm Springs 117 El Centro Array 9
Component NPS300 ELC180
PGA (g) 0.694 0.313
PGV (mm/s) 338 298
PGD (mm) 38.8 133.2
2.4.3.2 Earthquake Loading
In this section, results of the dynamic analysis of the frame with earthquake
loading are presented. First, dynamic response of the frame with configuration I
is investigated. Then, a parametric study of the metal foam characteristics on the
dynamic response of the frame is discussed.
The 1986 North Palm Springs(NPS) earthquake and 1940 Imperial Valley (ELC)
earthquake scaled to 0.98 g are chosen for dynamic analysis of the frame. Table 2.12
shows the specification of the earthquakes. It should be mentioned that the frame
is designed for NPS earthquake, so frame response to NPS earthquake should satisfy
frame design criteria. According to Fourier spectra and acceleration response spectra
of the applied earthquakes, most of the dominant earthquake frequencies are smaller
than 10 Hz. ELC earthquake covers more frequency with strong amplitude than NPS,
therefore the structural response to ELC should be more severe.
2.4.3.2.1 Frame Analysis
In this part of the study dynamic response of the frame is presented. It should be
mentioned that metal foam strength is 7 MPa and elastic modulus of metal foam is
2000 MPa in all the analysis.
Table 2.13 shows the maximum roof drift and base shear of the systems with and
without metal foam. It can be seen that the maximum drift is almost same for the
frame with hybrid brace and with bare steel brace in NPS earthquake. On the other
hand, by using hybrid brace instead of bare steel brace, the maximum drift is reduced
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Figure 2.28. (a)Fourier spectra of NPS 300and (b) Response acceleration of NPS300
(c)Fourier spectra of ELC180 and (d) Response acceleration of ELC180
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Table 2.13. Maximum base shear and roof drift in the frame with configuration I
under the earthquakes
Response Max. Roof Drift(%) Max. Base Shear(kN)
Earthquake NPD ELC NPD ELC
Bare Steel Brace 0.319 0.772 3980 8478
Hybrid Brace 0.323 0.616 2790 3572
No Brace 0.449 2.003 367 869
20% in ELC earthquake. Moreover, base shear is reduced 30% and 58% in NPS and
ELC earthquake respectively. This reduction is the effect of ductility on the system.
This shows metal foams can be used as a fuse to absorb earthquake energy and reduce
dynamic response of the system. It can be seen in figure 2.28, as the natural period
of the structure increases from 0.51 to 3.45, response acceleration is reduced. This
is the reason for smaller base shear for the frame with no brace and frequency of
first mode equal to 3.45 sec than base shear for the frame with bare steel brace and
frequency of first mode equal to 0.51sec. It should be mentioned that although the
frame with no brace has smaller base shear than braced frame, roof drift and moment
of the columns in the frame with no brace is higher than that in the braced frame.
Moreover, It can be seen that response to the ELC earthquake such as base shear
and roof drift is more severe than NPS earthquake.
In order to find the cause of similar roof drift for the frame with and without
metal foam in NPS earthquake, the relation between the base shear and the roof
drift during earthquake need to be investigated. Figure 2.29 shows this relation in
this two systems. It can be seen that the base shear and the roof drift in the frame
with hybrid brace is smaller than reduced frame without hybrid brace. Figure 2.30
shows the time history response of base and roof displacement for the model with
linear metal foam and the one with elastic-perfectly plastic metal foam. It can be
seen that displacement is amplified from base to roof of the frame. This amplification
is reduced by using metal foam in the braces.
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Figure 2.29. Relation between the base shear and the roof drift of the 6 story frame
(a) without the metal foam (b) with metal foam during NPS earthquake
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Figure 2.30. Time history response of displacement of (a)base (b)roof for the model
with linear metal foam (c)roof for the model with elastic-perfectly plastic metal foam
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Figure 2.31. Relation between the base shear and the roof drift of the 6 story frame
(a) without the metal foam (b) with metal foam during NPS earthquake until time
= 3.1 sec
To assess the effect of ductility on base shear and roof drift precisely, some cycles
of the relation between the base shear and the roof drift need to be investigated.
Figure 2.31 shows the cycles of relation between roof drift and base shear until time
= 3.1 sec. It can be seen that base shear and roof drift of the frame with foam
do not increase during earthquake up to the base shear and roof drift of the linear
system. This shows that using the metal foam in the structures decreases the dynamic
response of the system.
In addition to the base shear and the roof drift, axial force and deformation of
the braces need to be evaluated. Figure 2.32 and figure 2.33 illustrate the relation
between the braces axial force and deformation in all the stories with and without
considering plasticity for the metal foam. If the maximum value of the axial force
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Table 2.14. Maximum moment over plastic moment capacity of the column in 1st
and 4th floor
Response Max (M/Mp) 1st floor Max (M/Mp) 4th floor
Linear Met Foam 0.324 0.026
Nonlinear Met Foam 0.276 0.051
No Brace 1.090 0.237
in each story of the system with plasticity is compared with the tension capacity of
the braces presented in table 2.8, it can be seen that the axial forces do not exceed
the tension capacity of the braces. Moreover maximum deformation is 30 mm which
is equal to strain of 0.04 which is smaller than strain capacity of the metal foam
ǫcapacity = 0.15.
It can be seen in figures 2.32 and 2.33 that yielding happens just in compression
and there is no tensile yielding in all the stories. In order to investigate yielding in the
braces precisely, time history response of the axial force of the brace in the 1st story
is evaluated (Figure2.34). Tensile capacity of the braces in the 1st floor is 2273 kN.
Therefore, axial force can not be larger than 2273 kN in the frame with metal foam.
It can be seen in figure 2.34 that there is a pulse in the excitation which tends to
create axial compression force almost equal to 2500 kN. This can not be developed in
the brace because 2500 kN is larger than 2273 kN. For the brace in compression, first
yielding happens in compression in the braces. After the first compressive yielding,
axial force can not be increased to the tension yielding point of the brace. Therefore,
compressive yielding always happens in the braces.
Table 2.14 shows the maximum moment in the column of the 1st story and column
of the 4th story. It can be seen that moment in 1st floor is more critical than in the
4th floor. Moreover, the moment ratio is reduced from 0.324 to 0.276 by using metal
foam in the frame.
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Figure 2.32. Relation between the braces axial force and deformation in 4th to 6th
stories with elastic and elastic perfectly plastic behavior for metal foam
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Figure 2.33. Relation between the braces axial force and deformation in 1st to 3th
stories with elastic and elastic perfectly plastic behavior for metal foam
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Figure 2.34. Time history response of the axial force of the brace in 1st story for
the model (a) without metal foam plasticity and (b)with metal foam plasticity
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It can be seen that using the metal foam reduces the dynamic response of the
frame. In the next part of the study, optimum values of the metal foam properties
are determined by performing parametric study.
2.4.3.2.2 Parametric Study
In this section the effect of the metal foam strength and metal foam elastic modulus
on the dynamic response of the frame is investigated.
Figures 2.35 and 2.36 show the dynamic responses of the frame with configuration
I and II respectively under NPS earthquake as metal foam strength is increased from
0 to 20 MPa. It can be seen that responses of the frame with configuration I converge
to a plateau after metal foam strength reaches 12 MPa. In configuration II, the
responses are fluctuating even at metal foam strength = 20 MPa. It shows that the
metal foams do not yield in configuration I for metal foams strength larger than 12
MPa, but metal foams in configuration II yield even with strength of 20 MPa.
In configuration II, there is a steep reduction in the roof drift, moment of the
column and metal foam strain as the metal foam strength increases from zero (No
brace) to 2 MPa. As the metal foam strength increases from 2 MPa to 20MPa, drift
and moment increase. This shows that 2 MPa is the optimum value for the metal
foam strength in which most of the responses are minimized. Moreover, metal foam
strain is almost 0.1 which is smaller than metal foam strain capacity (0.15).
It can be seen that frame responses to the NPS earthquake are noisy with some
fluctuations. Figures 2.37 and 2.38 show the frame responses to ELC earthquake
for different metal foam strength. It can be seen than structure response to ELC
earthquake is higher than NPS earthquake. 5MPa is the optimum value for the metal
foam strength in which most of the responses are minimized.
Figure 2.39 depicts the effect of the metal foam elastic modulus on dynamic re-
sponse. Metal foam strength is 2 MPa in these analysis. It can be seen that elastic
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modulus does not effect the responses significantly. Therefore metal foam elastic
modulus equal to 500 MPa (which is a practical value) is a convenient value.
2.5 Conclusion
Metal foams have the potential to serve as hysteric dampers in the braces of
braced building frames. Using metal foams in the structural braces decreases differ-
ent dynamic responses such as roof drift, base shear and maximum moment in the
columns. Optimum metal foam strengths are different for different earthquake. Metal
foam strength = 2 MPa is the optimum and practical value which minimize dynamic
responses of the frame when the frame is excited by NPS earthquake, while it is 5
MPa for ELC earthquake. Therefore, the hybrid brace must be designed for the most
probable and normalized earthquake base on the location of the structure. Moreover,
the metal foam elastic modulus does not affect the dynamic response of the frame
significantly.
In order to use metal foam in the structural braces, metal foams need to have
stable cyclic response. This behavior maybe achievable for metal foams with high
relative density.
CBF with metal foam can be repaired easily after an earthquake by replacing
deformed metal foam, while rehabilitation is a costly process in the frame with BRB
as the lateral resistance system.
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Figure 2.35. The effect of the strength of the metal foam on the maximum value of
(a) base shear (b) roof drift (c) moment ratio of the column (d) strain of the metal
foam, for configuration I and NPS earthquake,( * is for metal foam strength = 7
MPa)
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Figure 2.36. The effect of the strength of the metal foam on the maximum value of
(a) base shear (b) roof drift (c) moment ratio of the column (d) strain of the metal
foam, for configuration II and NPS earthquake
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Figure 2.37. The effect of the strength of the metal foam on the maximum value of
(a) base shear (b) roof drift (c) moment ratio of the column (d) strain of the metal
foam, for configuration I and ELC earthquake,( * is for metal foam strength = 7
MPa)
91
0 2 4 6 8 10 12 14 16 18 20
0
1000
2000
3000
4000
5000
6000
7000
8000
9000
Foam Strength (MPa)
Ba
se
 S
he
ar
 (k
N)
(a)
0 2 4 6 8 10 12 14 16 18 20
0
0.3
0.6
0.9
1.2
1.5
1.8
2.1
2.4
2.7
Foam Strength (MPa)
R
oo
f D
rif
t (%
)
(b)
0 2 4 6 8 10 12 14 16 18 20
0
0.2
0.4
0.6
0.8
1
1.2
1.4
1.6
1.8
2
Foam Strength (MPa)
M
ax
. M
/M
P 
(c)
0 2 4 6 8 10 12 14 16 18 20
0
0.04
0.08
0.12
0.16
0.2
0.24
0.28
0.32
0.36
0.4
Foam Strength (MPa)
St
ra
in
(d)
Figure 2.38. The effect of the strength of the metal foam on the maximum value of
(a) base shear (b) roof drift (c) moment ratio of the column (d) strain of the metal
foam, for configuration II and ELC earthquake
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Figure 2.39. The effect of the elastic modulus of the metal foam on the maximum
value of (a) base shear (b) roof drift (c) moment ratio of the column (d) strain of
the metal foam, metal foam strength = 2MPa (configuration II, * is for metal foam
elastic modulus = 500 MPa)
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CHAPTER 3
IMPROVING BUCKLING RESPONSE OF THE SQUARE
STEEL TUBE BY USING STEEL FOAM
3.1 Introduction
Steel tube beams and columns are able to provide significant strength for struc-
tures. They have an efficient shape with large second moment of inertia which leads
to light elements with high bending strength. Moreover, they can resist loading in
multiple directions, and have large torsional strength. One of the drawbacks of tubu-
lar cross sections with thin walls is their susceptibility to local buckling. Having
thin walls forces the element to buckle locally before the cross section can show its
maximum capacity through full yielding. Moreover, this local buckling will cause low
ductility in the element response.
One method of increasing the ductility and capacity of tubular elements is filling
them with another material. One of the classical materials which is used for this
purpose is concrete. There are large numbers of studies on the behavior of concrete-
filled columns and beam-columns such as the research done by Furlong[18], Shakir-
Khalil and Mouli[36], Prion and Boehme[29], Schneider[34], Varma et al.[48], Han[22]
and Chitawadagi et al. [13] which show that there is a substantial increase in the
axial strength, moment of inertia and the corresponding peak curvature of the hollow
sections when they are filled with concrete.
Although concrete is cheap and easy to use, it is heavy and brittle. In this study
the potential for using light and ductile steel foams to improve the local buckling
capacity of thin walled square steel tubes is investigated through a numerical study.
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First, the characteristics of metal foams in compression and tension will be reviewed.
Considering that local buckling of the tube walls is essentially a manifestation of plate
buckling, a theory of plate buckling with different kinds of boundary conditions will
be presented in the next section. That will be followed by finite element modeling of
a steel foam filled thin walled square steel tube, which is called a foam filled tube for
the rest of the paper. This system, a foam filled tube, previously has been analyzed
in one experimental study [25]. In the current study the strength of the foam filled
tube under bending and axial actions is estimated by eigenvalue and plastic collapse
analysis. The effect of different geometries of the steel foam fill on the response of
the element is investigated. The effect of the degree of composite action between
the foam and tube on strength is also evaluated. Finally there is a discussion of the
results of the finite element modeling.
3.2 Plate buckling
Local buckling of the walls of a thin walled steel tube is actually a manifestation of
the buckling of the plates forming the walls of the tube. The addition of metal foam
within the steel tube provides a support for the plate or, in another interpretation,
thickens the plate. This section of the study reviews plate buckling theory with
different types of boundary conditions. An important feature of plate buckling is
that the plate can continue to resist increasing axial force after reaching the critical
load, and plates can exhibit substantial post-buckling reserve strength [11].
3.2.1 Uniaxially compressed plate
The critical load of plates, like columns, depends on the boundary condition of
the plates. Moreover, a plate’s buckling load and mode shape depends on the aspect
ratio of the plate. Generally, the critical load of the plate can be calculated by
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Nx =
kπ2Eh3
12(1− ν2)b2 (3.1)
in which Nx is the critical load per unit length, E is the plate elastic modulus, h is
the plate thickness, b is the plate width, ν is Poisson’s ratio and k is the buckling
stress coefficient for a uniaxially compressed plate. The value of k is related to the
boundary conditions and aspect ratio of the plate [11].
For the tube walls, if the ratio of b/h is large, it can be assumed that the tube
walls act as simply supported plates so that equation. 3.1 can be used to calculate the
critical load for local buckling of the empty tubes. This analogy can be extended by
treating the walls of a tube filled with foam as plates supported by elastic foundations.
3.2.2 Plate uniformly compressed in one direction on an elastic founda-
tion
The behavior of the walls of a metal foam filled steel tube is similar to the behavior
of plate on an elastic foundation. The buckling load of a plate that is rigidly attached
to its elastic foundation with integer or greater than 4 aspect ratio is
Nx =
2(1 +
√
1 + γ)π2Eh3
12(1− ν2)b2 (3.2)
in which γ is equal to
γ =
kˆ12(1− ν2)
Eh3
(
b
π
)4 (3.3)
and kˆ is the foundation stiffness per unit area [35]. Figure 3.1 shows the parameters of
the plate on elastic foundation problem. If the γ value is substituted by the equivalent
stiffness of the metal foam, equation 3.2 can be used to approximate the local buckling
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Figure 3.1. (a)Geometry of the plate on an elastic foundation (b)Equivalent model
for metal foam filled tube
capacity of a metal foam-filled steel tube. In order to obtain an equivalent stiffness
of the metal foam, kˆ in equation 3.3 can be substituted by
kˆ =
EfA
b/2× A =
2Ef
b
(3.4)
in which Ef is the metal foam elastic modulus. This analogy will be used later to
establish a bound on the local buckling capacity of a foam filled tube that depends
on the material characteristics of the foam.
3.3 Finite element modeling
This section presents the procedures and assumptions which are used for finite
element modeling of the foam filled tube similar to that used in the experimental
study of Fraunhofer USA [25]. Figure 3.2 shows the dimensions and configuration
of the element which was tested in the experimental study. Table 3.1 shows the
properties of the materials that form the test specimen [25].
Numerical modeling is performed within the ADINA framework. The steel foam
is modeled by 8-Nodes solid elements and the steel tube is modeled by 4-Nodes shell
elements in ADINA.
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Figure 3.2. Geometry of foam filled steel tube which is used in the current study
[25]
Table 3.1. Material properties of the foam filled steel tube used in the current study
[25]
Material Tensile Str. Yielding Str. Elongation Modulus Density
MPa(ksi) MPa(ksi) % MPa(ksi) (g/cm3)
Steel 965 (140) 586 (85) 12 203395(29500) 7.85
Steel Foam 110 (16) 98 (14.2) 3 24132(3500) 3.92
First, the method for considering geometric imperfections will be described. Then,
the different steel foam configurations and composite action which are used in this
study will be presented.
3.3.1 Geometric imperfections
Geometric imperfections are deviations from the nominal geometry which exist in
thin walled elements because of the fabrication process. Previous studies show that
this imperfection can affect the buckling behavior of the element significantly [33, 21].
Therefore, imperfections should be considered in the finite element modeling.
In general, it can be assumed that the geometry of the local plate imperfections
in the cross section is similar to the expected local buckling shape [45]. Therefore,
the first step in applying imperfections to the FE model is finding the local buckling
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shape of the empty steel tube. CUFSM, a semi-analytical finite strip based code, is
used to determine the elastic buckling modes of a square steel tube [32].
Figure 3.3 shows the results of the eigenvalue analysis of the square steel tube
under uniform axial stress. For a 304.8mm long steel tube (Fig. 3.2), the local buckling
shape with a half-wavelength equal to 25.4mm has the lowest corresponding critical
load. For this member, therefore, local buckling happens when the total applied axial
force becomes equal to 897.4× 4× 25.4× 0.89 = 81055N and the buckling shape has
a half-wavelength equal to 25.4mm.
The buckling deformation along the longitudinal direction of the tube is assumed
to be sinusoidal. The only remaining parameter needed to specify the steel tube
imperfection is the amplitude of the imperfection. One suggestion by previous inves-
tigators has been to let the amplitude of the imperfection be 0.01b in which b is the
plate width [19]. Figure 3.4 shows the geometry of the empty tube after applying
imperfection.
3.3.2 Modeling considerations
In this part of the paper, the assumptions and simplifications made for modeling
of the steel foam material and the foam-tube connection will be presented. Moreover,
different possible fill configurations of metal foam will be shown.
3.3.2.1 Material properties
A symmetric, bilinear, elastic perfectly plastic material model is used for the steel
foam. Considering that the steel foam is used in this study as a stiffener or thickener,
the large strain behavior of the steel foam will not affect the result significantly.
Therefore, the assumption of elastic perfectly plastic behavior is acceptable for the
purpose of this study.
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Figure 3.3. (a) local buckling shape and (b) load factor in terms of half-wavelength
of the empty steel tube
3.3.2.2 Composite behavior
One important factor that can influence the behavior of foam filled tubes is the
degree of composite action between the foam and the tube. If they are fully bonded
to each other, then the foam filled tube will show complete composite behavior sub-
stantially bracing the tube walls. If they are unbonded then the foam will brace the
walls against inward motion but not against outward motion or shear slippage. In
order to model the different degrees of composite action spring elements connecting
the tube walls and foam fill are used in ADINA. It can be seen in figure 3.5 that three
spring elements are defined connecting each node of the tube to the corresponding
node on the surface of the solid element mesh representing the steel foam. These
springs define the degree of bond in tension, compression and two shear directions.
The springs activated by normal displacement between the tube walls and the foam
should always have a very large compression stiffness to simulate contact between the
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Figure 3.4. Empty tube geometry after applying imperfection (the imperfection’s
scale factor is 10 times bigger than reality)
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Figure 3.5. Configuration of the spring elements in the connection of steel tube to
the steel foam
Table 3.2. Spring constant value for modeling different kinds of composite behavior
which is identical in tension and compression
Composite Behavior Fully Partially Non
Stiffness Constant ( N/mm/mm2 ) >100000 271.44 0
tube and foam. On the other hand, the tensile stiffness of the normal springs and
the shear springs can have a range of stiffness from zero to infinity, depending on
the degree of bond that is to be modeled. Table 3.2 shows the spring constant per
unit area used for modeling different kinds of composite behavior. The value of the
stiffness constant corresponding to partially composite behavior is chosen based on
numerical experiments showing that it gives behavior that is intermediate to the fully
composite and non-composite cases.
3.3.2.3 Geometry
Different possible configurations for the steel foam are shown in figure 3.6. Config-
urations are sorted into seven groups by the volume of foam used. In order to compare
different configurations fairly, configurations with equal volume of steel foam should
be compared with each other. The volume of foam used in the configurations increases
from group 1 to group 7. Abbreviations are established indicating each configuration
throughout the remainder of the chapter.
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Figure 3.6. Configurations of the foam fill tube (All the dimensions are in mm and
the numbers in the parenthesis are steel foam volume fraction)
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Table 3.3. The global buckling force and yielding force for the foam filled tube
Configuration Fully Filled Empty
Failure Mode Global buckling Yielding Global buckling Yielding
Force (kN) 299.13 150.39 210.15 87.16
3.3.3 Loading
Two loading conditions are applied to the foam filled tube in this paper. First,
uniform compression is applied to the foam filled tube. In this case both collapse
analysis and buckling eigenvalue analysis are performed on the element. Second, a
three point bending test is simulated to investigate the effects of the steel foam on
the response of the foam filled tube under flexural and shear loading. Moreover, finite
element results can be verified by the available experimental result for empty tube
[25]. Collapse analysis, using displacement control, is performed in these simulations.
3.4 Finite element results
In this section of the paper, the results of the finite element simulations are pre-
sented including the results of the simulations with different steel foam configurations
and degrees of composite behavior.
3.4.1 Uniform compression
One of the load conditions in which tubular cross sections are often used is com-
pression. The doubly symmetric cross section efficiently resists axial forces and com-
bined axial and bending forces. In this section of the paper finite element results for
the foam filled tube under uniform compression are discussed. In the pure compres-
sion condition three failure modes exist: cross section yielding, global buckling and
local buckling. Global buckling and yielding forces are given in table 3.3 for fully
filled and empty tubes. It can be seen that for both the empty tube and the foam
filled tube yielding happens at a lower load than global buckling. Therefore, global
buckling is not a controlling failure mode.
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Table 3.4. The local buckling force of the empty tube
Method Analytical CUFSM FE Eigenvalue FE Collapse
Buckling Force (kN) 81.36 81.05 80.51 44.45
Table 3.4 shows the local buckling force for the empty tube calculated by different
methods. The analytical result is calculated by assuming simply supported bound-
ary condition for the tube walls. It can be seen that for the analytical, finite strip
(CUFSM) and FE Eigenvalue method, which use the assumption of linear behavior
for the materials, the results are essentially identical. The buckling force obtained
by FE collapse analysis is smaller than that obtained from other methods due to
consideration of material nonlinearity and geometric imperfection. Moreover, the lo-
cal buckling force is smaller than yielding force in all cases, which shows that wall
buckling is the dominant failure mode for the element.
In figure 3.7, the FEA results indicate that by filling a steel tube with steel foam
the buckling force increases from 44.45 kN to 115.80 kN. It shows that steel foam
improved the buckling resistance of the steel tube by 260 percent. It also shows a
quite different post-buckling behavior in which the foam filled tube can sustain large
deformation at constant moment, forming a suitable structural hinge, whereas the
moment resisted by the empty tube rapidly degrades after peak moment is reached.
Figure 3.8 shows the deformed shape of the empty tube under pure compression
after the collapse and the eigenvalue analysis. It can be seen that the dominant
buckling mode for both collapse and the eigenvalue analysis have an aspect ratio
equal to one which is predicted by the analytical analysis. For the eigenvalue analysis,
deflection is amplified near the end of the tube due to boundary effects that do not
significantly affect the strength.
The deformed shape of the fully filled tube under pure compression with fully
composite and non composite behavior is depicted in figure 3.9. It can be seen that
the steel foam reduced the amplitude of the buckling deformation for the foam filled
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Figure 3.7. Pure compression simulation result of the empty steel tube and foam
filled tube with non-composite behavior
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Figure 3.8. Deformed shape of the empty tube under the pure compression after
(a) collapse analysis (b) eigenvalue analysis
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Figure 3.9. Deformed shape of the fully filled tube under the pure compression after
collapse analysis with (a) fully composite and (b) non composite behavior
tube with non-composite behavior. For the fully composite behavior it can be seen
there is no buckling. Failure happens because of material yielding.
3.4.1.1 The effects of composite behavior
Figure 3.10 illustrates how the degree of composite action affects the load-deflection
response of the foam filled tube. It can be seen that improving bond between the steel
foam and the tube walls will increase the element’s strength and that the amount of
improvement depends on the foam configuration. The best improvement can be seen
in the CV configuration. In the CV configuration, increasing bond stiffness alters the
mode shape, leading the cross section to tolerate more force before failure.
3.4.1.2 The effects of steel foam configuration
An equitable way to compare different configurations of the foam fill is to cate-
gorize them into groups with the same foam volume fraction. Figure 3.11 shows the
force-displacement relations for the pure compression simulation for the three groups
of configurations in which the foam volume fraction varies from 20% to 60%. It can
be seen that putting steel foam on two sides of the steel tube (S configuration)will
improve the buckling behavior of the foam filled tube more than distributing it on all
walls (H configuration) or placing it as a center brace (CV configuration).
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Figure 3.10. The effect of the composite behavior on the force-displacement result
for different configurations in the pure compression
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Figure 3.11. The force-displacement result of the pure compression simulation for
the three groups of configurations with constant volume fraction and partially com-
posite behavior
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Figures 3.12 and 3.13 show the effect of the steel foam volume fraction on response
of the foam filled tube under pure compression. It can be seen that for foam volume
fraction of 40% and 60% (groups 4 and 5), the S configuration develops additional
post yielding capacity while there is no additional post yielding capacity in the CV
configuration. This can be interpreted to mean that the collapse mechanism in the
S configuration is dominated by cross section yielding while in the CV configuration,
local instability plays a greater role in defining the post yield response and prevents
the development of additional post-yield capacity. Figure 3.13 illustrates that in the
H configuration changing the behavior from non-composite to partially composite will
change the collapse mode from one dominted by local instability to one dominated by
cross section yielding. This is shown by the lack of a descending branch in the load
displacement curve in the H configurations with partially composite behavior shown
in Fig. 3.13.
3.4.1.3 The effects of steel foam elastic modulus
In this part of the study, the effect of metal foam elastic modulus on the buckling
load of the metal foam filled steel tube is investigated. The result of FE simulation
of the metal-foam filled steel tube under pure compression can be compared to an
approximate analysis that uses the solution for the critical load of a plate on an elastic
foundation. Considering that the theory of instability of plates on elastic foundations,
which is presented in previous parts of the paper, assumes elastic material behavior,
the appropriate comparison is between the approximate analysis and linear eigenvalue
analysis of the foam filled tube.
Figure 3.14 shows the variation of buckling load with metal foam elastic modulus.
It can be seen that there is reasonable agreement between the approximate analytical
result and the FE eigenvalue simulation. For increasing elastic modulus of the metal
foam the analytical solution gives more conservative predictions than the FE simula-
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Figure 3.12. The Force-Displacement result of the pure compression simulation for
S and CV configurations with different volumes of steel foam
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Figure 3.13. The Force-Displacement result of the pure compression simulation for
H configurations with different volumes of steel foam
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Figure 3.14. The variation of buckling load in terms of elastic modulus of the metal
foam
tion yet both predict substantially higher capacity than the plastic collapse analysis.
The disagreement comes from the fact that the approximate analytical solution ne-
glects changes in the mode shape that occur at higher elastic moduli. Therefore it can
be seen that the theory of the behavior of plates on elastic foundations can provide a
conservative prediction of the elastic buckling load of the foam filled tube (Fig. 3.14).
It should be mentioned that when the elastic modulus reaches E = 350MPa the
buckling mode changes to a global mode with critical load equal to 219kN .
3.4.2 Three point bending test
The ability of a foam filled tube to absorb energy and increase the bending strength
of an empty steel tube will be investigated in this section of the study. These prop-
erties are illustrated through simulations of three point bending tests of foam filled
tube with different steel foam fill configurations and degrees of composite action.
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Figure 3.15. Three point bending test result of the empty steel tube and foam filled
tube with non-composite behavior
3.4.2.1 Finite element model verification
The use of plastic collapse analysis is well validated as a means for evaluating the
strength of thin walled structural members. Figure 3.15 shows three-point bending
test results for an empty tube (experiment and simulation) and a foam filled tube
with no bond between the fill and tube walls (simulation only). In the simulations,
the imperfection magnitude is equal to 0.01 times the outer dimension of the tube
cross section [19]. It can be seen that the experimental and simulated force displace-
ment curves are similar for the empty tube, which confirms that the FE model is
working properly. Figure 3.16 shows the deformed shape of the empty tube after the
experiment and FE simulation. Reasonable similarities can be seen in the deformed
shapes. In both cases, there is an inward fold on the compression surface, which arises
as a result of local instability in the compression flange.
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Figure 3.16. Deformed shape of the empty steel tube after (a) finite element simu-
lation and (b) experimental test
3.4.2.2 The effects of composite behavior
The degree of composite action between the steel foam fill and the walls of the
tube is one of the factors which can affect the response of the composite element.
Figure 3.17 shows the deformed shape of the foam filled tube after collapse with non-
composite and fully composite behavior. It can be seen that in the beam with fully
composite behavior, failure happens due to full cross section yielding and no local
buckling occurs, but in the beam with non-composite behavior local buckling of the
compression flange is the primary failure mode. Note that the deformed shape differs
from that of figure. 3.16 and agrees well with that reported in [25]
Figure 3.18 shows the effects of composite behavior on the behavior of tubes with
different fill configurations. It can be seen that the strength of the composite member
is quite sensitive to the degree of composite action and that only for fully filled tubes
is local buckling of the tube walls fully mitigated.
3.4.2.3 The effects of steel foam configuration
As was described in the previous section, sixteen configurations of foam fill with
different steel foam volumes are chosen to investigate the effect of fill configuration
on response. Groups 2, 4, and 5 are selected to study the effect of the configuration
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Figure 3.17. Deformed shape of the foam filled tube with (a) fully composite and
(b)non-composite behavior
on the response. Figure 3.19 shows the force-displacement results of the three point
bending test simulation for the three configuration groups. Moreover, tables 3.5 and
table 3.6 show the strength and absorbed energy of the foam filled tube in the three-
point bending test simulation for the three configurations, respectively. The absorbed
energy is calculated as the area under the force displacement curve up to the point
of peak load. All the results in this section are calculated for partially composite
behavior.
It should be mentioned that the maximum strength of the different configurations
is limited by the plastic moment of the foam filled tube which corresponds to an
applied force of 27.89 kN for a fully filled tube. All results shown in Figs. 3.18 and
3.19 represent the onset of instability except for the result of the fully filled tube.
It can be seen that for group 2 ,which has the lowest foam volume fraction, the T
configuration shows the highest strength and greatest absorbed energy. In this group,
the strength of the S, CV and TB configurations are very similar, but, the CV and S
configuration are more ductile than the TB configuration absorbing more energy and
reaching peak load at a larger displacement. The TB configuration is stiffer because
it has higher moment of inertia than the other configurations.
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Figure 3.18. The effect of the composite behavior on the force-displacement result
for different configurations in three point bending test (–.– non composite , — partially
composite , – – fully composite behavior)
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There are five configurations in group 4. It can be seen that the T configuration
is not the optimum configuration in this group. The TB4 and S4 configurations have
the highest strength. The H4 configuration has the lowest strength and the least
ability to absorb energy. The S4 configuration is the most ductile configuration in
this group. The amount of absorbed energy in the S4 configuration is close to twice
as much as in other configurations.
There are three configurations in group 5, S3, TB3 and CV3. Although, the S
configuration performs well in groups 2 and 4, it has the lowest strength and energy
absorbtion ability in group 5.
Figure 3.20 shows the effect of the steel foam volume fraction in 4 different con-
figurations on the response. In this figure force displacement response is shown for
different steel foam volumes ranging from an empty tube to a fully filled tube. It can
be seen that in the T configuration the strength increases from 6.2 kN in the empty
tube to 11.69 kN even when only a 5.08mm thickness of steel foam is placed under
the top wall. Moreover, the absorbed energy increases from 14.83 kN.mm in the
empty tube to 317.4 kN.mm in the T2 configuration. Increasing the steel foam vol-
ume from the T2 configuration to the T4 configuration, however does not change the
force-displacement behavior significantly. Although initially adding a small amount
of steel foam under the compression flange will significantly increase the strength
and ability to absorb energy in the steel tube, continuously adding steel foam in this
configuration is of little benefit.
In the TB and S configurations, increasing the volume of steel foam will increase
the strength and the absorbed energy almost linearly. In the H configuration increas-
ing the steel foam volume fraction is of less benefit to the response.
In summary, the optimal configuration of the steel foam fill depends on the avail-
able volume of steel foam to be used in the composite member. Very substantial
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Table 3.5. Strength of the the foam filled tube in the three-point bending simulation
for the three groups of configurations with partially composite behavior
Group Strength (kN)
2 T2 S2 TB2 CV2
(20%) 11.69 9.21 9.04 9.95
4 T4 S4 TB4 CV4 H4
(40%) 12.38 13.95 14.12 13.09 11.16
5 S5 TB5 CV5
(60%) 16.47 18.92 16.62
Table 3.6. Absorbed energy in the three-point bending simulation of the foam filled
tube for the three groups of configurations with partially composite behavior
Group Energy (kN-mm)
2 T2 S2 TB2 CV2
(20%) 317.4 183.6 44.2 147.6
4 T4 S4 TB4 CV4 H4
(40%) 358.7 718.3 395.8 388.2 171.8
5 S5 TB5 CV5
(60%) 843.5 1437.1 1245.2
improvement in performance can be obtained through the deployment of a relatively
small amount of foam under the compression flange.
One other way to evaluate the performance is to calculate the ratio of maximum
strength to yielding strength in the different configurations. This ratio is the sign of
element residual capacity after yielding. Table 3.7 shows this ratio for the different
configurations with partially composite behavior. It can be seen that the post yield
capacity of the element is dramatically increased by the addition of small amounts of
material in the T2 and T4 configurations.
3.5 Global sensitivity analysis of aluminum foam filled tube
In this part of the study, first, it is shown that filling the steel tube with alu-
minum foam can improve the buckling response of the steel tube under three point
bending simulation significantly. Then Sobol’ decomposition is used to investigate
the uncertainty in strength and ductility of aluminum foam filled tube.
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Figure 3.19. The Force-Displacement result of the three point bending test for the
three groups of configurations which have partially composite behavior
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Figure 3.20. The Force-Displacement result of the three point bending test for four
different configurations with different volumes of steel foam
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Table 3.7. The Pu
Py
in the three-point bending simulation of the foam filled tube for
the three groups of configurations with partially composite behavior
Group Pu
Py
2 T2 S2 TB2 CV2
(20%) 1.66 1.27 1.14 1.35
4 T4 S4 TB4 CV4 H4
(40%) 1.74 1.7 1.56 1.6 1.29
5 S5 TB5 CV5
(60%) 1.82 1.97 1.85
3.5.1 Strength and ductility of aluminum foam filled tube
Finite element modeling is performed on the 304.8 mm (12 in) long foam filled
tube with cross section of 25.4 mm×25.4 mm (1 in×1 in). The wall thickness of steel
tube is 0.89 mm (0.035 in). Figure 3.2 shows the problem geometry of the model.
Open cell aluminum foam with relative density equal to 8% is used to fill the steel
tube. The weight of the steel tube itself is 216g and the weight of foam filled tube
is 259g. So the total weight of the element is increased by 20% after filling it by
aluminum foam.
Fully composite behavior is considered for the element meaning that no relative
displacement is allowed between the foam and the tube wall. A relative density with
mean value equal to 0.2 is chosen for the aluminum foam, and elastic modulus and
yield stress equal to 73084MPa (10600ksi) and 303.37MPa (44ksi) is chosen for the
aluminum alloy from which the foam is made. Equations 3.5 and 3.6 [Ashby et al.,
2000] are used for calculating the effective material properties of the aluminum foam:
Ef = Es
ρ
ρs
2
(3.5)
σf = 0.3σs
ρ
ρs
1.5
(3.6)
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Figure 3.21. Force-displacement relation for the empty tube and aluminum foam
filled tube under three point bending simulation
Figure 3.21 shows force-displacement relation for the empty tube and aluminum
foam filled tube under three point bending simulation. It can be seen that the max-
imum strength increases from 3.7 kN to 6.5 kN and the absorbed energy increased
from 7 kN.mm to 211 kN.mm. So, The maximum strength of foam filled tube is al-
most twice the maximum strength of steel tube and The energy absorption capacity
of foam filled tube is almost thirty times the energy absorption capacity of steel tube.
So aluminum foam can improve the strength and ductility of steel tube significantly.
Another approach for increasing the strength and energy absorption capacity of
the empty tube can be increasing the thickness of the tube with the same amount of
weight of aluminum foam. The weight of empty tube with thickness equal to 1.07mm
is equal to weight of the aluminum filled tube with thickness equal to 0.89mm. It
is worthwhile to compare the behavior of the empty tube with thickness of 0.89mm
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Table 3.8. Strength and energy absorption of the empty tube and aluminum foam
filled tube
Sample Wall Thickness Weight Strength Energy Absorption
mm(in) (kg) (kN) (kN.mm)
Empty Tube 0.89(0.035) 216 3.7 5
Empty Tube 1.07(0.042) 259 4.6 8
Filled Tube 0.89(0.035) 259 6.5 211
and fully filled tube with thickness of 1.07mm under three point bending condition.
Table 3.8 and figure 3.21 show the result of the three point bending simulations. It can
be seen that increasing thickness of the empty tube increase the yielding point from
3.7 to 4.6 kN, but after yielding there is a downward curve corresponds to buckling of
the tube walls. In fully filled tube, there is a ductile behavior after yielding and energy
absorption increases from 5 kN.mm to 211 kN.mm. It can be seen that Aluminum
filled tube strength is one and half times the strength of the empty steel tube with the
same weight and energy absorption capacity of the aluminum filled tube is twenty six
times the energy absorption capacity of the empty steel tube with the same weight.
Therefore, filling the steel tube with aluminum foam is more effective at improving
the strength and energy absorption capacity of the steel tube than increasing the
thickness of the steel tube.
3.5.2 Sobol’ Sensitivity analysis of aluminum foam filled tube
In order to perform a sensitivity analysis on the foam filled tube, some of the geo-
metric and material parameters which have potentially significant uncertainty should
be chosen as the input variables. Depending on the intended application of the ele-
ment, a particular element response should be chosen as the output variable. Finally,
the sensitivity analysis defines the parameters that most affect the response by com-
paring the Sobol’ indices associated with each input.
Table 3.9 shows the input variables, their mean values and the ranges over which
they vary. A uniform distribution is assumed for each variable with coefficient of
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Table 3.9. Input variables and their intervals (including mean value and range of
variation) which are used in the Sobol’ global sensitivity analysis of the aluminum
foam filled tube
No Variables Symbol Interval
1 Aluminum Foam Elastic Modulus (MPa) Ef 2923 ± 1100
2 Aluminum Foam Plateau Stress (MPa) Ff 8.14 ± 2.20
3 Steel Elastic Modulus (MPa) Es 203395 ± 35229
4 Steel Yielding Stress (MPa) Fs 344.74 ± 59.71
5 Steel Ultimate Strength (MPa) Us 482.63 ± 83.59
6 Tube Thickness (mm) t 0.889 ± 0.154
7 Tube Imperfection Amp. Imp 0.01 ± 0.0017
variation equal to 0.1. It should be mentioned that the variation of Sobol’ input
variables (X1,...,X7) are between 0 to 1, corresponding to variation of the input
variables between their minimum and maximum values respectively. For example,
X2=0 corresponds to Fs = 285 MPa and X4=1 corresponds to Ef = 4023MPa.
The total absorbed energy of deformation and the maximum concentrated force
which can be tolerated by beam in three point bending simulation are considered as
the output response parameters for this problem, thereby capturing the influence of
the input parameters on strength and member ductility.
Latin hypercube sampling is chosen for the Monte Carlo simulation. In order to
find the number of simulations required for good estimation of the Sobol’ function
and indices, convergence of the S5 index with respect to the number of simulations
is examined. Numerical experiments show that the estimate of the Sobol’ index is
converged by 300 samples. Therefore 300 total MC simulations are performed on the
model.
Figure 3.22 shows the Sobol’ functions for the beam strength. It can be seen
that F5 and F6 are increasing with respect to the steel ultimate strength and tube
thickness respectively. F1, F2, F3 , F4 and F7 show a much less clear relationship
with respect to the input variable values, showing that increasing the steel ultimate
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strength and tube thickness increases the strength of the foam filled tube, and that un-
certainty in these properties will lead to substantial uncertainty in the beam strength.
Figures 3.23 shows the Sobol’ functions for the energy absorption capacity of the
beam. It can be seen that F2, and F5 are increasing with respect to aluminum foam
plateau stress and steel ultimate stress respectively. F1, F3, F6 and F7 do not show
a clear trend with respect to the value of the input variable. F4 is decreasing with
respect to the steel yield stress. These results show that increasing the steel ultimate
strength and aluminum foam plateau stress are the most effective way of improving the
energy absorption capacity of the aluminum foam filled tube, but increasing the steel
yielding stress reduces the energy absorption. Uncertainty in these three variables,
therefore will contribute most to uncertainty in the beam ductility. It is important to
note that the relationship between input and response uncertainty is independent of
the functional form of the Sobol’ function. That is, input variables that act to either
increase or decrease ductility can contribute significantly to response uncertainty.
In order to verify the reduction of energy absorption with increasing steel yield
stress, a deterministic simulation is performed in which the steel yield stress is in-
creased and all other input variables are constant at their mean values. Figure 3.24
shows the steel stress strain behavior and force displacement results for three differ-
ent samples with yield stress equal to 340, 350 and 360 MPa. It can be seen that by
increasing the steel yield stress and keeping the ultimate strength constant, the slope
of the work hardening part of the strain stress curve is reduced. In other words, the
post yield response capacity of the steel is reduced by increasing the yield stress with
ultimate strain and stress fixed. Although the beam yielding force is increased by
increasing the steel yield stress, the reduction in the steel post yield reserve capacity
decreases the displacement corresponding to the beam maximum strength. Therefore
the area under the force-displacement curve (the absorbed energy) is also reduced by
increasing the yield stress.
126
0 0.5 1
−1
−0.5
0
0.5
1
X1(Ef)
F1
0 0.5 1
−1
−0.5
0
0.5
1
X2(Ff)
F2
0 0.5 1
−1
−0.5
0
0.5
1
X3(Es)
F3
0 0.5 1
−1
−0.5
0
0.5
1
X4(Fs)
F4
0 0.5 1
−1
−0.5
0
0.5
1
X5(Us)
F5
0 0.5 1
−1
−0.5
0
0.5
1
X6(t)
F6
0 0.5 1
−1
−0.5
0
0.5
1
X7(Imp)
F7
Figure 3.22. Sobol’ functions for the maximum strength of metal foam filled tube
under three point bending simulation.
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Figure 3.23. Sobol’ functions for the energy absorbtion of aluminum foam filled
tube under three point bending simulation.
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Figure 3.24. (a) steel stress-strain behavior and (b) force-displacement response for
the deterministic simulations.
128
Table 3.10. Values of Sobol’ indices for Maximum Strength and Energy absorbtion
Output Variables S1 S2 S3 S4 S5 S6 S7 ΣSi
Ef Ff Es Fs Us t Imp
Strength 0.01 0.05 0.04 0.04 0.51 0.42 0.03 1.10
Absorbed Energy 0.01 0.18 0.02 0.35 0.41 0.04 0.04 1.05
Table 3.10 shows the Sobol’ indices estimated from the 300 LHMC samples. It can
be seen that beam strength uncertainty is mostly effected by steel ultimate strength
and the tube thickness. Other variables do not participate in determining the beam
strength significantly. The energy absorption capacity of the beam is mostly in-
fluenced by the aluminum foam plateau stress, the steel yield stress and the tube
thickness. Actually, buckling of the tube wall in compression is the cause of steel
tube collapse in three point bending simulation. On the other hand, the aluminum
foam is not strong enough to increase the maximum buckling strength of the tube.
The ductility of aluminum foam, moreover, can improve the energy absorption ca-
pacity of foam filled tube. These results show that introducing aluminum foam acts
more to improve the energy absorption capacity and post-buckling response of the
beam than its strength.
As it is shown in equation 1.14 summation of all Sobol’ indices Si should be equal
to one. It can be seen that the summation of 1st order Sobol’ indices for strength and
energy is equal to 1.1 and 1.05 respectively which are close to one. This demonstrates
that the higher order interaction terms are negligible. That the summation in these
examples exceed one is merely an artifact of small estimation error, and could be
eliminated with the deployment of additional computational resources.
3.6 Conclusion
Although metal foams have a low strength in comparison to solid steel, it can
be deployed in a composite fashion to significantly improve strength and ductility
of thin-walled tubes. These improvements are obtained both in compression and
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bending. Moreover, if composite action between the steel foam and steel increases,
the strength of the element will improve such that the failure mode changes from
local buckling to cross section yielding. The response is sensitive to the configuration
of the foam fill and the optimal configuration depends on the fraction of the interior
volume that is to be filled. If only a small fraction of the interior volume is to be
filled, the best performance improvement is obtained by placing the foam in contact
with any walls loaded in compression. Note that we consider monotonic loading and
the consideration of loading reversal would necessitate other foam fill configurations.
It is shown that filling the steel tube with aluminum foam can improve the strength
and ductility of steel tube significantly. Moreover, the dominant variables are steel
ultimate strength and tube thickness for the beam strength and steel yield stress and
ultimate strength and aluminum foam plateau stress for the beam energy absorption
capacity. Therefore the additional aluminum foam mostly increases the energy ab-
sorption capacity of the beam rather than its strength. If the reduction of uncertainty
in the strength of the foam filled steel tube is desired, uncertainty in the steel ulti-
mate strength and tube thickness should be reduced. Moreover, uncertainty in the
energy absorption capacity of the aluminum foam filled steel tube will be reduced by
decreasing the uncertainty the steel ultimate strength and yield stress and aluminum
foam plateau stress. This shows that uncertainty can be tolerated more in most of
the aluminum foam properties than steel. This is good because making metal foam
with consistent properties is harder than making steel with consistent properties.
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CHAPTER 4
LIMIT STATES OF THIN-WALLED CHANNEL MADE
OF STEEL FOAM
4.1 Introduction
Thin-walled steel lipped C-channels are commonly used in a variety of structural
applications such as wall studs and rack structures. Some of the advantages of these
structural members are that they are very lightweight and relatively easy to work with
for the purposes of field assembly of structural systems. Their light weight arises from
their very thin walls, typically less than 2 mm, and a result of this thinness is that
elastic instability is a common limit state.
In this study, the solid steel walls of the C-channel are replaced with steel foam
walls and the response of the resulting members is calculated by numerical simulation.
The objective of this study is to determine whether the replacements of solid steel
walls with steel foam walls mitigates instability of the thin walls of the C-channel.
The replacement of solid steel walls with steel foam walls is made such that the
weight per unit length of the member is unchanged. The investigations cover a range
of potential steel foam relative densities from 1.0 (solid steel) to 0.05 (a light steel
foam). The investigations are hypothetical in that we have not performed physical
testing of the proposed structural elements, and in that the range of relative densities
considered extends beyond that produced by current manufacturing methods. This
study demonstrates the structural response of: (1) thin steel foam plates loaded in-
plane in compression and in bending; (2) thin-walled lipped C-channels made of steel
foam loaded in axial compression and bending. In chapter 2 the state of the art of steel
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foams are described in more detail. Linear eigenvalue buckling analysis and collapse
nonlinear analysis are performed on the steel foam plate and steel foam C-channel.
4.2 Material and geometrical properties of the foamed sec-
tions
In order to hold the weight per unit length of the cross section constant while
reducing the relative density of the walls (i.e. replacing the solid steel walls with steel
foam walls), the thickness of the cross section has to be increased.
The weight per unit length and per unit width of the solid steel and steel foam walls
are tfρf and tsρs respectively, where tf and ts are the steel foam and solid steel wall
thickness, and ρf and ρs are the steel foam and solid steel densities. The constraint
on the wight per unit length of the member can the be expressed as tfρf = tsρs.
By replacing the ratio ρf/ρs by ρ, the relative density of the foam, we can find an
equation,
tf =
ts
ρ
(4.1)
which relates the thickness of the steel foam walls to the thickness of the solid steel
walls.
Material properties of steel foam are different from those of solid steel and depend
on base metal properties and relative density. Gibson and Ashby developed the
expressions
Ef = Esρ
2 (4.2)
and
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Fyf = Fysρ
1.5 (4.3)
which relate the elastic modulus and yield stress of steel foam to the elastic modu-
lus and yield stress of solid steel and relative density [6]. In these equations subscripts
s and f stand for solid steel and steel foam properties respectively. It can be seen
that the reduction of the relative density reduces the yield stress and elastic modulus
of metal foam.
4.3 Steel Foam Plate
4.3.1 Problem definition
Before investigating the behavior of the steel foam C-channel, it is worthwhile
to study the behavior of the steel foam plate. The web plate of the 362S162-68 C-
channel with width and thickness equal to 92.08mm (3.625”) and 1.73 mm (0.068”)
respectively is chosen for this part of the study. The plate boundary conditions are
simple supports on 4 edges. The steel elastic modulus and steel yield stress are chosen
to be equal to Es = 2.03×105MPa (29500ksi) and Fy= 345MPa (50 ksi) respectively.
The post yielding behavior is assumed to be perfectly plastic.
4.3.2 Axial force - bending moment failure interaction of steel foam plate
The plastic moment of a cross section is a function of axial force, material property
of the plate and geometry of the plate, and which is given by equation 4.4
Mp = (
t2f
4
− P
2
4b2F 2yf
)bFyf (4.4)
in which tf is the plate thickness and Fyf is the material yield stress. By substituting
plate thickness and plate yield stress (equations 4.1 and 4.3) into equation 4.4, the
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plate plastic moment can be written in terms of steel foam relative density. This
expression is
M =
bFyst
2
s
4
√
ρ
− p
2
4bFysρ1.5
(4.5)
Two extreme cases of this interaction surface are the plastic moment for no axial
force which is
Mp =
bFyst
2
s
4
√
ρ
, (4.6)
and the crushing load for zero moment which is
Pn = Fystsb
√
ρ (4.7)
Figure 4.1 shows the axial force - bending moment failure interaction surface for the
the foamed plate. The heavy line in this figure is the plate crushing load. It can be
seen that reduction of relative density reduces the plate crushing load and increases
the plate plastic moment with no axial load.
It should be mentioned that this is for the axial crushing of the cross section and
buckling is not considered in the calculation of plastic moment. So, this is a cross
sectional study and boundary conditions do not participate in finding the failure
surface.
4.3.3 Buckling load and crushing load of the steel foam plate
The collapse mechanism of the plate under pure compression is either buckling or
crushing. The buckling force of the plate which is simply supported in 4 edges can
be expressed by
Pcrf =
4π2Ef t
3
f
12(1− ν2)b (4.8)
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Figure 4.1. Axial force - bending moment failure interaction surface of the the steel
foam plate (a) in 3D and (b) in 2D
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in which Ef and tf are the plate elastic modulus and the plate thickness respectively.
By substituting thickness and elastic modulus of steel foam plate (equations 4.1 and
4.2) into equation 4.8, the plate buckling load becomes
Pcrf =
4π2Est
3
s
12(1− ν2)bρ (4.9)
which depends on steel foam relative density (ρ). The crushing load of the plate is
Pyf = Fyf tfb (4.10)
in which Fyf is the steel foam plate yield stress. By substituting the steel foam
plate yield stress (equation 4.3 ) into equation 4.10, the plate crushing load can be
expressed by:
Pyf = Fystsb
√
ρ (4.11)
which is a function of steel foam relative density. The plate collapse load, Pnf is the
minimum of the crushing load, Pyf and the buckling load Pcrf . Therefore the collapse
load of the steel plate is a function of three variables: relative density (ρ), plate initial
thickness (ts) and plate initial width (b).
In order to show the collapse load in terms of three variables, two 3D figures are
drawn (Figure 4.2 and 4.3). Figure 4.2 shows the collapse load of the steel plate with
different width and constant thickness equal to 1.73 mm (0.068”). The equation for
this nominal strength surface is
Pnf =


Pcrf =
3788838
bρ
b < 80
ρ0.75
Pyf = 595b
√
ρ b ≥ 80
ρ0.75
(4.12)
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Figure 4.2. The collapse load of the steel foam plate in terms of steel foam relative
density and width of the steel plate
which is achieved by substituting steel properties and plate thickness of 1.73 mm into
equations 4.9 and 4.11 .
It can be seen that for the wide steel foam plate the collapse mechanism is buckling
and for the narrow steel foam plate, it is crushing. For initial width greater than
80mm, reducing relative density changes the collapse mechanism from buckling to
crushing. For example the heavy line shows how the collapse load changes with respect
to relative density for a constant width equal to 92.08mm. From a design point of
view, for a required collapse load and given initial width, the value of the relative
density can be found from figure 4.2 and equation 4.12. The heavy dash dot line in
figure 4.2 separates the crushing dominated zone from the buckling dominated zone.
For the given width greater than 80mm the maximum collapse load and corresponding
relative density can be found by equation 4.13.
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

bmax =
80
ρ0.75
Pnfmax =
47669
ρ0.25
(4.13)
Figure 4.3 shows the collapse load in terms of steel foam relative density and
plate thickness for the constant plate width equal to 92.08mm. The equation for this
nominal strength surface is
Pnf =


Pcrf =
7986t3s
ρ
ts < 1.99ρ
0.75
Pyf = 31742ts
√
ρ ts ≥ 1.99ρ0.75
(4.14)
which is achieved by substituting steel properties and plate width of 92.08 mm
into equations 4.9 and 4.11 .
It can be seen that the collapse mechanism is crushing for the thick steel foam
plate and it is buckling for the thin steel foam plate. For the given initial width
smaller than 1.99mm, reducing relative density changes the collapse mechanism from
buckling to crushing. For example the heavy line shows how the collapse load changes
with respect to relative density for a constant width equal to 92.08mm. From a design
point of view, for a required collapse load and given initial thickness, the value of the
relative density can be found from figure 4.3 and equation 4.14. The heavy dash dot
line in figure4.3 separates the crushing dominated zone from the buckling dominated
zone. For the given width smaller than 1.99mm the maximum collapse load and
corresponding relative density can be found by equation 4.15.


tmax = 1.99ρ
0.75
Pnfmax = 63354ρ
1.25
(4.15)
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Figure 4.3. The collapse load of the steel foam plate in terms of steel foam relative
density and thickness of the steel plate
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Figure 4.4. Dimension of the (a) 362S162-68 and (b) 362S200-54
4.4 Steel Foam C-channel
4.4.1 Problem definition
In this part of the study, the response of the steel foam C-channel with different
relative density and under different kind of loading condition is investigated. The
objective of this part is to find out whether replacing the steel walls of the C-channel
with steel foam walls can improve the response of the C-channel.
4.4.1.1 Geometry, material property and loading condition
C-channel sections with production identification numbers 362S162-68 and 362S200-
54 are chosen for pure compression and bending simulations respectively. These cross
sections are chosen based on the studies which are done by Schafer et al [38, 37] for
investigating the compressive and flexural behavior of C-channels. Figure 4.4 shows
dimension of these cross sections.
Table 4.1 shows the material properties which are used in the simulations. Fig-
ure 4.5 shows the stress strain curve for the material properties in nonlinear simula-
tions .
140
Table 4.1. Properties of the material used in the simulations
Loading Condition Es(MPa) Fys(MPa) Us(MPa) Elongation
Compression 2.03× 105 345 552 18%
Bending 2.03× 105 228 345 20%
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Figure 4.5. Stress Strain curve for the material properties in axial and bending
simulations
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4.4.1.2 Linear eigenvalue analysis
Linear buckling analysis is performed on the C-channels using CUFSM [32] which
is a finite strip method software. The finite strip method is a specialized version of
the finite element method. In the finite strip method, element shape functions use
polynomials in the transverse direction, but trigonometric functions in the longitu-
dinal direction. This allows to discretize just the cross section and in longitudinal
direction a single element is sufficent . In figure 4.6 a single strip element with its
degrees of freedom and applied edge tractions (loads) are shown. Equation 4.16 shows
the shape functions used for displacements u, v and w. It can be seen, for the in-plane
displacements, u and v, linear shape functions are used in the transverse direction,
and in the longitudinal direction u uses a sine function and v a cosine function. The
out-of-plane displacement, w, is approximated by a cubic polynomial in the transverse
direction and sine function in the longitudinal direction [32].
By reducing relative density of the walls of the C-channel from 1 to 0.2, the
thickness to width ratio of the web of 362S162-68 C-channel increases from 2% to 9%.
For the plate with cross section aspect ratio less than 10%, the shear deformation is
negligible. Therefore finite strip method, which is using plate bending assumptions,
can be used for modeling of steel foam C-channel with suitable accuracy. For relative
density equal to 0.05, the thickness to width ratio of the web is 38%. This shows that
shear deformation becomes important when the relative density changes from 0.15 to
0.05. Therefore, it should be mentioned that shear deformations are not considered
in these simulations of the steel foam C-channel with small relative density.
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Figure 1 Finite strip discretization, strip DOF, dimensions, and applied edge tractions 
Figure 4.6. Finite strip discretization, strip DOF, dimensions, and applied edge
tractions [32]
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The buckling curve is the main result from a finite strip analysis. Each point in
this curve corresponds to the buckling force for a given half wave length and each
half wave length is associated with one specific buckling mode (Figure 4.7 and 4.8).
It should be mentioned that the critical buckling force for the element with a given
unbraced length is the smallest buckling force among buckling forces of all the half
wave lengths smaller than a given half wavelength. The critical half wavelength of
the buckled element corresponds to the half wavelength of this minimum buckling
force. The minima of the buckling curve are of special interest, and correspond to the
critical half-wave lengths and buckling forces for all possible buckling modes. There
are usually two minima in the buckling curve of a C-channel. The minimum with
smaller half wavelength corresponds to the local buckling mode and the minimum with
larger half wavelength corresponds to the distortional buckling mode. Local buckling
is characterized by buckling of the C-channel walls without transverse movement of
the joints. Distortional buckling is characterized by rotation of the flange at the
143
Figure 4.7. Buckling curve of the 362S162-68 under pure compression
flange/web junction. In global buckling the member bends or twists without change
of the cross sectional shape.
Figure 4.7 shows the buckling curve of 362S162-68 under pure compression and fig-
ure 4.8 depicts the buckling curve of 362S200-54 under pure bending. Three buckling
mode shapes can be seen in theses figures.
4.4.1.3 Collapse analysis
Collapse analysis, which includes material and geometric nonlinearity, is per-
formed by ADINA which is a finite element software. The collapse occurs when
a peak is reached in the load-displacement curve. Both local and global geomet-
ric imperfections are considered in the collapse analysis. These imperfections in the
C-channels are applied by modifying the nodal coordinates. The local imperfection
shape is estimated by combining the local buckling and distortional buckling mode
shapes. The magnitudes of the web (stiffened element(d1)) and flange (unstiffened
element(d2)) displacement for the local and distortional imperfections of these ele-
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Figure 4.8. Buckling curve of the 362S200-54 under pure bending
ments were estimated using Eq. 4.17 based on Schafer and Pekozs study [33] for the
75 percentile of imperfection (Figure 4.9).
d1 = 0.66t d2 = 1.55t (4.17)
Global imperfection should also be applied in the modeling of C-channels because
of the member out of straightness. Based on AISI [2] recommendation, values of L/700
about the weak axis and L/350 about the strong axis are chosen for the amplitude of
the global imperfection with half sine wave shape (L is length of the C-channel).
Figure 4.10 depicts the C-channel geometry after applying imperfection. In this
figure the imperfection is magnified 4 times. It can be seen that the X axis is parallel
to the longitudinal axis of the C-channel, the Y axis is the strong axis and the Z is
the weak axis of the C-channel.
Imperfection in Y and Z direction is defined by
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Figure 4.9. Definition of geometric imperfections (a) local (b) distortional
dy(i, j) = d1 × [ ¯dyloc(i)sinπxj
λloc
] + d2 × [ ¯dydis(i)sinπxj
λdis
] +
L
700
× [sinπxj
L
]
dz(i, j) = d1 × [ ¯dzloc(i)sinπxj
λloc
] + d2 × [ ¯dzdis(i)sinπxj
λdis
] +
L
350
× [sinπxj
L
] (4.18)
As is shown in figure 4.9 i is the index of nodes around the cross section and j is the
index of nodes in the longitudinal direction. i ranges from 1 to 19 in the cross section
and j ranges from 1 to 21 along the length of the channel. For example, the node with
indices (10,1) is located at x=0 and the center of the web. As another example, the
node with indices (18,21) is located at x=L and upper flange lip joint (L is the length
of the element) . ¯dyloc(i), ¯dzloc(i), ¯dydis(i), ¯dzdis(i) are the normalized deformations
of the local buckling mode in the y and z direction and of the distortional buckling
mode in the y and z direction respectively. Nodes with maximum deformation have
normalized deformation equal to 1, for example ¯dyloc(10) and ¯dzdis(18) are equal to
1. λloc and λdis are the half wave lengths corresponding to the local and distortional
buckling modes respectively.
4.4.2 Compressive Behavior
The behavior of C-channel columns subjected to compression is the subject of this
part of the study. Buckling and collapse analyses are performed on the steel foam
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Figure 4.10. C-channel geometry after applying imperfection (the imperfection is
magnified 4 times.)
C-channels and the effect of replacing steel walls with steel foam walls on different
compressive behavior is investigated.
4.4.2.1 Local and global buckling resistance of the steel foam C-channel
with different relative density
The local buckling strength of the channel is proportional to the plate bending
stiffness coefficient D = Et3/(12(1 − ν2)) of the web. If the cross section is made
out of steel foam instead of solid steel the plate bending stiffness coefficient is Df =
Ef t
3
f/(12(1− ν2)). Using equations 4.1 and 4.2, it can be found that
Pcr,local ∝ ρ−1 (4.19)
just as the buckling load of a simply supported plate given in equation 4.9. This
is natural since local buckling of the channel is essentially a manifestation of plate
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buckling of the web. In the lateral global mode of a steel foam channel, on the other
hand, the buckling strength is proportional to the weak axis bending stiffness EfIyy,f .
The moment of inertia Iyy,f can be approximated by
Iyy,f ≈ 2tfb
3
12
+ 2dtf x¯
2 + htf (b− x¯)2 + 2btf ( b
2
− x¯)2 (4.20)
where x¯ is the distance from the neutral axis of the section to the centerline of the
lips. Since Iyy,f is proportional to tf which is in turn proportional to ρ
−1, and Ef is
proportional to ρ2, the lateral global mode buckling load obeys the proportionality.
Pcr,global ∝ ρ (4.21)
Equations 4.19 and 4.21 show that a steel foam channel is expected to exhibit
greater local buckling capacity and less global buckling capacity than a solid steel
channel with the same weight per unit length which is shown in figure 4.12.
4.4.2.2 Buckling Eigenvalue Analysis
In this section results of the buckling eigenvalue analysis of the steel foam C-
channel under compression are presented. CUFSM, which is Finite Strip based soft-
ware for buckling analysis of thin wall members, is used in this section. Steel foam
362S162-68 is modeled with relative density of the wall changing from 1 to 0.05. The
regular unbraced lengths for C-channels are 305mm (1ft) and 610mm (2ft) [24]. Fig-
ure 4.13 and 4.14 show the local, distortional, global and envelope buckling load of
the steel foam C-channel in terms of metal foam relative density for unbraced length
of 304.8mm and 609.6mm respectively. The minimum value of the global, local and
distortional buckling forces defines the envelope buckling load, which is shown by the
solid line. A key observation is that as the relative density is decreased the dominant
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Figure 4.11. Foamed C-channel Dimension
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Figure 4.12. (a) EI in global Y direction and (b) EI for the web plate in terms of
relative density of the foamed 362S162-68
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Figure 4.13. Local-Distortional-Global Buckling load of the steel foam C-channel
in terms of steel foam relative density for brace spacing of 305mm (1ft)
buckling mode changes from local to distortional to global. The change in buckling
mode is caused by the tendency of reducing the relative density to increase the local
buckling load but decrease the global buckling load. This agrees with the result of
equations 4.19 and 4.21.
Figures 4.15 and 4.16 show the series of buckling curves that are generated for the
channel over the full range of relative densities in 3D and contour format repectively.
These buckling curves are arranged to form a buckling surface that gives the buckling
load as a function of half wavelength and relative density. There are two troughs
in figure 4.15. The one centered at a smaller half wavelength corresponds to local
buckling and the other one corresponds to distortional buckling. The steel foam C-
channel with the half wave length larger than the half wave lengths of the second
trough buckle globally. The local and distortional buckling modes disappear for very
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Figure 4.14. Local-Distortional-Global Buckling load of the steel foam C-channel
in terms of steel foam relative density for brace spacing of 610mm (2ft)
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Figure 4.15. Buckling surface showing relationship between buckling load, half
wavelength (λ) and relative density under compression. The bold solid and dash
line superimposed on the buckling surface represents the design buckling load at a
unbraced length of 305mm and 610mm respectively.
small relative densities. In this case the buckling mode is global in which the buckling
load increases by reducing the half wave length. The sensitivity of buckling load to
relative density for large half wave length is smaller than that for small half wave
length.
In figures 4.15 and 4.16, the bold solid and dash line superimposed on the buckling
surface represents the design buckling load at a unbraced length of 305mm and 610mm
respectively over the range of relative densities. The design buckling load at a given
unbraced length is the minimum buckling load at that and smaller half wavelengths.
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4.4.2.3 Collapse Nonlinear Analysis
Results of the collapse nonlinear analysis of the simply supported, 610mm long
steel foam C-channel (362S162-68) is discussed in this section. ADINA is used for the
collapse analysis in this part of the study. Shell elements are used for the modeling
of C-channel walls. The analyses are displacement controled. Full newton method is
chosen as the iteration scheme.
Figure 4.17 shows the relation between axial force and displacement for the C-
channel under uniform axial force. It can be seen that the maximum strength of the
C-channel is 92 kN (20.7 kips). The experimental result shows that the compressive
strength for this cross section is 80.1kN (18 kips) [37]. Some of the sources of this
discrepancy are inaccurate modelings of boundary conditions, material properties and
imperfections.
Figure 4.18 depicts the deformed shape of the 610 mm long C-channel after col-
lapse. It can be seen that collapse deformed shape is distortional buckling mode
shape. This agrees with the experimental result.
Figure 4.19 shows the strength of the steel foam C-channel while its relative density
changes from 1 to 0.05. It can be seen that the strength decreases with reduction
of relative density of the C-channel. This shows the material yielding dominates the
collapse behavior. On the other hand, it was shown for the linear eigenvalue analysis
that it is possible to obtain some increase in strength by reducing the relative density.
4.4.3 Flexural Behavior
In this section flexural behavior of the steel foam C-channel with identification
number of 362S200-54 is investigated. Buckling and collapse analysis is performed
on the steel foam C-channel and the effect of steel foam relative density on flexural
behavior is presented.
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Figure 4.17. The relation between axial force and displacement for the C-
channel(362S162-68) under uniform compression
155
Figure 4.18. The deformed shape of the 610mm long C-channel (362S162-68) after
collapse under uniform compression
4.4.3.1 Buckling Eigenvalue Analysis
In this section the result of the buckling eigenvalue analysis which is done using
CUFSM is presented. Figure 4.8 shows the buckling curve of the 362S200-54 under
pure bending moment. Figures 4.20 and 4.21 show the relation between steel foam
relative density, half wave length and critical moment of the steel foam C-channel in
3D and contour format respectively. Similar to the troughs in collapse surface of the
C-channel under compression, the troughs in collapse surface of the C-channel under
pure bending corresponds to local and distortional buckling. The sensitivity of buck-
ling load to relative density for large half wave length is smaller than that for small
half wave length. The bold solid and dash line superimposed on the buckling surface
represents the buckling load at a unbraced length of 610mm(2ft) and 1626mm(64in)
respectively over the range of relative densities.
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Figure 4.19. The relation between metal foam relative density and collapse load of
the steel foam C-channel
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Figure 4.22 and figure 4.23 show the local-distortional-global critical moment of
the steel foam C-channel in terms of steel foam relative density for unbraced lengths
of 610mm (2ft) and 1626mm (64in) respectively. 1626mm is chosen because a four
point bending study was perviously performed on the same section with ABAQUS
[38].
It can be seen that replacing steel walls with steel foam increases the distortional
and local buckling resistance of the C-channel under pure bending. On the other
hand, by replacing steel walls with steel foams wall, the global buckling resistance
decreases. For the 610mm long member, when the relative density is reduced, the
buckling mode changes from distortional to global. So there is almost no change in
buckling resistance until relative density reaches 0.25 and then buckling resistance
decreases. The 1626mm long member buckles globally for all relative densities, so
replacing steel walls with steel foam always reduces the buckling resistance of the
1626mm long C-channel under pure bending.
4.4.3.2 Collapse Nonlinear Analysis
Results of the collapse analyses, which are performed using ADINA, are presented
in this section. A 4877mm (192in) long C-channel under four point bending condition
is modeled. In this case, the middle 1626mm (64in) of the C-channel between the
loading points is under uniform pure bending. Figure 4.24 shows the relation between
bending moment and displacement at the loading point. It can be seen that the
maximum moment of the C-channel is 1256 kN.mm. The previous study on the
bending capacity of the C-channel using ABAQUS reports a buckling load of 1765
kN.mm for this cross section [38]. In that study, cross sectional deformation are fully
restrained at the end of the pure bending section. On the other hand, in the four
point bending simulation, cross sectional deformation are not restrained at the end
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Figure 4.20. Buckling surface showing relationship between critical moment, half
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Figure 4.21. Contour of the critical moment of the steel foam C-channel in terms
of steel foam relative density and C-channel half wave length
of the pure bending section. In the former case the bending capacity is greater than
in the latter case due to increased restrained of the cross section.
Figures 4.25 and 4.26 show the deformed shape of the 362S200-54 after collapse
under four point bending. Figure 4.27 shows the cross sectional deformation of the
C-channel at the point of peak load for steel foam walls with relative density= 0.4
and 1. It can be seen that the failure mode is global in both cases. Figure 4.28 shows
the collapse moment in terms of relative density. It can be seen that by replacing
steel walls with steel foam walls, the collapse moment increases as the relative density
decreases until the relative density equal 0.5. After that there is a reduction in collapse
moment as the relative density decreases.
The global buckling resistance of the constant moment section in the four point
bending condition depends on two factors: degree of restraint of the cross sectional
deformation at the end of the constant moment section and global buckling strength of
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Figure 4.22. Local-Distortional-Global Critical Moment of the steel foam C-channel
in terms of metal foam relative density for brace spacing of 610mm
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Figure 4.23. Local-Distortional-Global Critical Moment of the steel foam C-channel
in terms of metal foam relative density for brace spacing of 1626mm
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the constant moment section. In order to determine how the global bucking resistance
of the constant moment section changes by replacing steel walls with steel foam
walls the variation of these two factors with steel foam relative density should be
investigated.
The degree of restraint of the cross section deformation at the end of the constant
moment section depends on the collapse mechanism of the part of the C-channel
between boundary and loading point. Figure 4.25 shows that the collapse mechanism
of the part of the C-channel between boundary and loading point is distortional.
The degree of restraint of the cross section deformation at the end of the constant
moment section therefore is dependent on the distortional buckling stiffness of the
part of the C-channel between boundary and loading point. In section 4.4.3, it was
shown that distortional buckling stiffness of the C-channel increases as the steel foam
relative density is reduced. So, the reduction of steel foam relative density increases
the degree of restraint of the cross section deformation at the end of the constant
moment section in four point bending condition. On the other hand, it was also
shown in the section 4.4.3 that the reduction of steel foam relative density decreases
global buckling stiffness of the C-channel.
Figure 4.28 shows the effect of both factors, the increase of the degree of restraint
of the cross section deformation at the end of the constant moment section and the
reduction of the global buckling strength, in the bending strength of the C-channel.
For relative density more than 0.5, the rate of buckling resistance increase due to
increase in the degree of restraint of the cross section deformation at the end of the
constant moment section dominates the global buckling strength reduction due to
replacing steel walls with steel foam. Therefore reduction of relative density increases
the bending strength. For relative density less than 0.5, however the rate of global
buckling strength reduction due to replacing steel walls with steel foam walls domi-
nates the effect of increase in the degree of restraint of the cross section deformation
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Figure 4.24. The relation between bending moment and displacement at the loading
point, for the C-channel under four point bending condition
at the end of the constant moment section. Therefore reduction of relative density
decreases the bending strength of the C-channel.
4.5 Global sensitivity analysis of Steel foam C-channel under
uniform compression
In the previous sections, it was shown that there is an optimum value for the
relative density for all the elements in the entire cross section at which the buckling
resistance of the steel foam C-channel is maximized (Figures 4.13, 4.14, 4.28). It is
possible to create a steel foam C-channel with even larger buckling strength varying
relative density around the cross section. In this section, the Sobol’ decomposition
is used to determine the sensitivity of the buckling strength of the C-channel to the
relative density of each point around the cross section. Linear buckling analysis is
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Figure 4.25. The deformed shape of the 58522mm long C-channel (362S200-54) after
collapse under four point bending condition ( deformed shape between boundary and
loading point )
Figure 4.26. The deformed shape of the 58522mm long C-channel (362S200-54)
after collapse under four point bending condition (deformed shape of the constant
moment section)
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Figure 4.27. Deformed shape of the C-channel in its maximum strength for steel
foam C-channel with relative density= 0.4 (- -) and relative density= 1 (-.)
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Figure 4.28. collapse moment in terms of relative density for the 1626mm long steel
foam C-channel under 4 point bending condition
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Figure 4.29. Element number in Sobol Simulationsl
performed using CUFSM. Modeling in CUFSM requires discretization of the cross
section to elements (Figure 4.29). The input variables for the sensitivity analysis,
therefore, are the relative density of each element. 362S162-68, the dimension of
which is shown in figure 4.4, is used for this part of the study.
As is presented in section 4.4.1.2, C-channels have three modes of buckling: local,
distortional and global. The length of the channel has an effect on the dominant
buckling mode. Therefore, variable density steel foam C-channels with 610mm (2ft)
and 305mm (1ft) length are modeled to investigate the sensitivity of the buckling
behavior of variable density steel foam C-channels to the length of the C-channel.
In order to assess the buckling behavior of the variable density steel foam C-
channel, the cross section is discreitized to 20 elements (figure 4.29). Each element
has the relative density as a variable. Thickness and elastic modulus of each element
are related to the element relative density by equations 4.1 and 4.2.
First, the effect of the relative density of each element on the buckling response
is investigated by using Monte Carlo simulation. Then, the decomposition results
are used to find the optimum relative density for each element which maximizes the
buckling resistance of the variable density steel foam C-channel.
167
4.5.1 Monte Carlo simulation
In order to evaluate the sensitivity of buckling response of the C-channel to the
relative density of each element by MC simulation, the relative density of each element
of the steel foam C-channel is assigned randomly. Latin hypercube sampling method,
which is described in detail in section 1.5.1.1, is used to generate random relative
density for each element. Therefore, the input vector of the global sensitivity analysis
is the relative density of 20 elements in the cross section and the output is the buckling
force of the variable density steel foam C-channel.
The number of Sobol indices in the Sobol’ decomposition is 2n in which n is
number of input variables. In this problem there are 20 input variables, the relative
relative density of each element, so 220 = 1048576 Sobol’ indices should be calculated
in this decomposition.
In most Sobol’ decompositions, the values of high order Sobol’ indices are much
smaller than the values of 1st and 2nd order Sobol’ indices. There are 20 first order
(Fi), 190 second order (Fij) and 1140 third order (Fijk) Sobol’ indices for this problem.
In this study only the 2nd order Sobol indices corresponding to 1st neighbor (Fij , |i−
j| = 1)and 2nd neighbor (Fij , |i− j| = 2) elements and the 3rd order Sobol’ indices
corresponds to the 1st neighbor elements (Fijk, |i− j| = 1, |i− k| = 2) are calculated.
If the summation of the values of these Sobol’ indices becomes close to 1, it can be
concluded that the value of higher order Sobol’ indices, which are not calculated, is
much smaller than these Sobol’ indices which are calculated.
In order to balance the accuracy of the value of the Sobol’ indices with time of the
MC simulation, the convergence of the summation of Sobol’ indices in terms of number
of simulations is examined. This summation includes values of 1st order, 1st neighbor
2nd order, 2 neighbor 2nd order and 1st neighbor 3rd order Sobol’ indices. Figure 4.30
shows the convergence of the summation of the Sobol’ indices in terms of the number
of simulations on the 610mm long variable density steel foam C-channel. It can be
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Figure 4.30. Convergence of summation of 1st order , 1st neighbor 2nd order, 2
neighbor 2nd order and 1st neighbor 3rd order Sobol’ indices for 610mm long variable
density steel foam C-channel by increasing number of simulations
seen that after almost 10000 simulations the summation is converged, therefore 10000
MC simulations with latin hypercube sampling is sufficient to estimate the value of
the Sobol’ indices with suitable accuracy.
4.5.2 Results
Table 4.2 shows the percentage of 10000 MC simulation for the 610mm and 305mm
long variable steel foam C-channel in which the global, local and distortional buckling
are dominant. It can be seen the majority bucking mode is global for the 610mm long
C-channel and is distortional for the 305 mm long C-channel. The value of the Sobol’
indices, therefore, can be interpreted by considering global and distortional buckling
mode for the 610mm long and 305mm long variable density steel foam C-channel,
respectively.
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Table 4.2. Percentage of 10000 MC simulation for the 610mm and 305mm long
variable steel foam C-channel in which the global, local and distortional buckling are
dominant
Element Length Global Local Distortional
305mm 10% 21% 69%
610mm 86% 5% 9%
C-channels are singly symmetric about the horizontal axis, therefore the Sobol’
indices and functions are equal for element 1 and element 20, element 2 and element
19 and so forth. The Sobol’ indices and functions are, therefore, shown only for
elements 1 to 10.
Figure 4.31 shows the 1st order Sobol’ functions for the 610mm long variable
density steel foam C-channel. For the 610mm long C-channel replacement of solid
steel in element 1 to element 3 with steel foam decreases the buckling load. Replacing
solid steel of elements 4 to 8 with steel foam does not affect the buckling response
significantly. Replacing solid steel of elements 9 to 10 with steel foam increases
buckling strength of the C-channel. Local and distortional buckling of the C-channel
is characterized by the plate buckling of the web of the C-channel. Replacing solid
steel of the web with steel foam, therefore, should affect the local and distortional
buckling behavior more than the global buckling behavior of the C-channel. Moreover,
replacing steel walls with steel foam walls increases the local and distortional buckling
resistance, and therefore, replacing solid steel of the web with steel foam should
increase the local and distortional buckling resistance of the C-channel. On the other
hand, replacing the solid steel of the flanges with steel foam should affect the global
buckling behavior of the C-channel. Replacing the steel walls of the C-channel with
steel foam walls decreases the global buckling resistance. Replacing the solid steel of
the flange with steel foam should, therefore, decrease the global buckling resistance
of the C-channel. This agrees with the variation of Sobol’ functions which is shown
in figure 4.31.
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Figure 4.32 shows the 1st order Sobol’ function for the 305mm long variable density
steel foam C-channel. For the 305mm long C-channel, the buckling strength is reduced
by replacing solid steel of element 1 to element 3 with steel foam. Replacing solid
steel of element 4 with steel foam does not affect the buckling response significantly.
Replacing solid steel of element 5 to 10 with steel foam increases the buckling strength
of the C-channel. The local and distortional buckling mode are more common than
global buckling mode for the 305mm long channel ( Table 4.2 ). Therefore, replacing
steel walls with steel foam walls improves the buckling resistance of the 305mm long
C-channel more than the 610mm long C-channel.
These conclusions agree with the conclusion of the previous section which is that
replacing steel walls with steel foam walls increases the local and distortional buckling
resistance but decreases the global buckling resistance. Moreover replacing steel walls
with steel foam walls is more effective at improving buckling resistance of the 305mm
long C-channel than the 610mm long C-channel.
Tables 4.3 and 4.4 show the values of the Sobol’ indices for the 610mm and
305mm long variable density steel foam C-channel respectively. It can be seen that
the summations of the Sobol’ indices are 0.727 and 0.799 for the 610mm and 305mm
long variable density steel foam C-channel respectively. These values are not so close
to 1. Moreover, there are almost 170 more 2nd order Sobol’ indices and 1048366 higher
order Sobol indices each of which has a value smaller than 0.001. These values are
small individually which shows that the response is not sensitive to these parameters,
but the summation of these small values is almost 0.2 because there are so many
higher order Sobol’ indices. Therefore, the higher order Sobol’ indices are negligible.
For the 610mm long C-channel, in which global buckling is most common, S1,
S2 and S3 which correspond to elements 1 to 3 have the largest contribution to the
buckling behavior of the C-channel. These elements are located in the lips of the
C-channel. The distance between the axis of the lips and the vertical neutral axis of
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Figure 4.31. First order Sobol’ function for the 610mm long steel foam C-channel
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Figure 4.32. First order Sobol’ function for 305mm long steel foam C-channel
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Table 4.3. Sobol’ indices values for the 610mm long variable density steel foam
C-channel after 10000 simulations
1st order 2nd order 2nd order 3rd order
1st neighbor 2nd neighbor 1st neighbor
S1 0.119 S1,2 0.006 S1,3 0.005 S1,2,3 0.002
S2 0.052 S2,3 0.003 S2,4 0.001 S2,3,4 0.001
S3 0.042 S3,4 0.002 S3,5 0.002 S3,4,5 0.002
S4 0.003 S4,5 0.003 S4,6 0.003 S4,5,6 0.002
S5 0.001 S5,6 0.004 S5,7 0.007 S5,6,7 0.001
S6 0.009 S6,7 0.016 S6,8 0.008 S6,7,8 0.001
S7 0.002 S7,8 0.010 S7,9 0.004 S7,8,9 0.001
S8 0.011 S8,9 0.002 S8,10 0.003 S8,9,10 0.001
S9 0.013 S9,10 0.001 S9,11 0.003 S9,10,11 0.002
S10 0.014 S10,11 0.002
Sum 0.528 Sum 0.102 Sum 0.071 Sum 0.026
Sum 0.727
the C-channel is more than that between web and the neutral axis of the C-channel.
Therefore, replacing steel walls with steel foam walls in the lips has more effect on
the global buckling strength of the C-channel than doing so in the web.
For the 305mm long C-channel, in which the distortional buckling is most common,
S1, S6 and S7 which corresponds to elements 1, 6 and 7 have the largest values. These
elements are located in the lips and connection of the web to the flange. The properties
of these elements, therefore, can affect the distortional buckling behavior more than
the properties of the other elements.
The values of the 2nd order Sobol’ indices for the 305mm long variable density
steel foam C-channel are negligible, but they are large for some of the Sobol’ indices
for the 610mm long channel such as S6,7. In order to assess the effect of 2nd order
1st neighbor Sobol’ indices on the response, their Sobol’ function behavior should
be investigated. Figures 4.33 and 4.34 show the 2nd order 1st neighbor Sobol’
function for the 610mm long and 305mm long variable density steel foam C-channel
respectively. It can be seen that there is more structure for F6,7 Sobol’ function than
any other of the 2nd order 1st neighbor Sobol’ function.
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Figure 4.33. 2nd order 1st neighbor Sobol’ function for 610mm long variable density
steel foam C-channel
175
00.51
0 0.5 1
−8
−4
0
4
8
F1
,2
00.51
0 0.5 1
−8
−4
0
4
8
F2
,3
00.51
0 0.5 1
−8
−4
0
4
8
F3
,4
00.51
0 0.5 1
−8
−4
0
4
8
F4
,5
00.51
0 0.5 1
−8
−4
0
4
8
F5
,6
00.51
0 0.5 1
−8
−4
0
4
8
F6
,7
00.51
0 0.5 1
−8
−4
0
4
8
F7
,8
00.51
0 0.5 1
−8
−4
0
4
8
F8
,9
00.51
0 0.5 1
−8
−4
0
4
8
F9
,1
0
00.51
0 0.5 1
−8
−4
0
4
8
F1
0,
11
Figure 4.34. 2nd order 1st neighbor Sobol’ function for 305mm long variable density
steel foam C-channel
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Table 4.4. Sobol’ indices values for the 305mm long variable density steel foam
C-channel after 10000 simulations
1st order 2nd order 2nd order 3rd order
1st neighbor 2nd neighbor 1st neighbor
S1 0.088 S1,2 0.003 S1,3 0.002 S1,2,3 0.001
S2 0.013 S2,3 0.003 S2,4 0.001 S2,3,4 0.002
S3 0.018 S3,4 0.003 S3,5 0.002 S3,4,5 0.001
S4 0.006 S4,5 0.001 S4,6 0.002 S4,5,6 0.001
S5 0.029 S5,6 0.002 S5,7 0.003 S5,6,7 0.001
S6 0.060 S6,7 0.002 S6,8 0.002 S6,7,8 0.001
S7 0.069 S7,8 0.001 S7,9 0.003 S7,8,9 0.001
S8 0.032 S8,9 0.001 S8,10 0.002 S8,9,10 0.001
S9 0.018 S9,10 0.003 S9,11 0.001 S9,10,11 0.001
S10 0.009 S10,11 0.003
Sum 0.705 Sum 0.040 Sum 0.032 Sum 0.022
Sum 0.799
4.5.3 The effect of the 2nd order Sobol’ function on the response surface
In this part of the study, the effect of the 2nd order Sobol’ function on the response
surface is investigated. One of the methods to construct the response surface is
to perform nonlinear regression on the estimates of the Sobol’ function. As it was
discussed in the previous section, for the 610mm long C-channel, the 2nd order Sobol’
function F6,7 has the largest value. In this section, a response surface, including F6,
F7 and F6,7, is examined to find the participation of F6,7 on the response surface.
Figure 4.35 (a) and (b) show the 1st order Sobol’ functions of elements 6 and 7.
It can be seen that these Sobol’ functions can be approximated by linear functions
which are shown in the figures. Figure 4.35 (c) shows the second order Sobol func-
tion F6,7. This function is approximated by a surface which is shown in figure 4.35
(d). Figure 4.35 (e) shows the summation of the 1st order response functions and
figure 4.35 (f) shows the summation of 1st order and 2nd order response functions. It
can be seen that there is a monotonic reduction in the response function by replacing
solid steel in element 6 and 7 with steel foam if only 1st order response function is
considered. But if the 2nd order response function is added to the 1st order response
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function, the response fuction is not monotonic in terms of relative density in elements
6 and 7. This agrees with the result of the previous section (Figures 4.13 and 4.14).
In these figures buckling strength initially increases as the relative density decreases.
After reaching a peak, there is a reduction in buckling strength as the relative density
continues to decrease. It can be seen that considering 2nd order Sobol’ function in
this problem changes the behavior of the response function qualitatively.
4.6 Optimization of the variable density steel foam C-channel
It was shown from the estimates of the Sobol’ function that replacing solid steel
of the web of the C-channel with steel foam increases the buckling resistance of the
C-channel. In this part of the study, this information is used to increase the buckling
resistance of the C-channel by replacing solid steel with steel foam in some points
instead of all the points around the cross section.
Figure 4.36 shows the variation of buckling strength generated by replacing solid
steel with steel foam in different sets of elements for the 610mm and 305mm long
C-channel. There are five sets of elements: 1. elements 9 to 12, 2. elements 7 to
14, 3. elements 5 to 16, 4. elements 3 to18 and 5. all the elements. In other words,
replacement starts from the web elements and is expanded to cover all the elements
in the channel.
It can be seen that most of the curves have a peak value corresponds to the relative
density in which the buckling mode changes from local or distortional to global. The
location of these peak values occurs at higher relative density when more steel element
are replaced with steel foam elements. This shows that the global buckling becomes
more common as more steel element are replaced with steel foam elements.
For the large relative density, the buckling strength increases when the number of
steel foam elements increases. On the other hand, for the small relative density, the
buckling strength decreases when the number of steel foam elements increases.
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For the 305mm long channel, the peak values occur in the lower relative density
than the 610mm long element. Moreover, for the lower relative density, the buckling
mode is mostly local in the 305mm long channel and is mostly global in the 610mm
long channel.
For the target buckling strength, the pairs of relative density and set of elements
made of steel foam can be chosen using figure 4.36. For example, for the 610mm
long channel, four pairs of relative density and set of steel foam elements ((0.4,set 3),
(0.3,set2), (0.1,set2) and (0.05,set1)) can be chosen to have target buckling load of
220kN.
4.7 Conclusion
In this study an example application of a hypothetical steel foam made of base
metal similar to common structural steels is presented. It is found that a thin plate
loaded in-plane and simply supported along all four edges has a higher buckling
strength when made of a steel foam. The buckling strength of the plate is inversely
proportional to the steel foam relative density when the weight per unit length of the
plate is held constant. On the other hand, a thin plate loaded in-plane and simply
supported along all four edges has a lower crushing load when made of a steel foam.
The crushing load of the plate is directly proportional to the square root of steel foam
relative density when the weight per unit length of the plate is held constant.
Lipped C-channels are more complicated structural members that are commonly
made with very thin walls and are used in a variety of structural framing applica-
tions. By virtue of their thin walls the strength of such channels is often controlled
by elastic instability in one of three modes, local, distortional, and global. The lo-
cal buckling strength is inversely proportional to the relative density and the global
buckling strength is directly proportional to the relative density so that a channel
will have higher local and lower global buckling loads than a solid steel channel of
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Figure 4.36. The variation of buckling strength generated by replacing solid steel
with steel foam in different sets of elements in (a) 610mm (b) 305mm long C-channel
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equal weight per unit length. Numerical calculations show that for a design unbraced
length of 305mm and 610mm in compression and 610mm and 1626mm in bending,
decreasing the relative density of the steel foam channel increases the buckling ca-
pacity until the relative density at which the global mode becomes dominant and the
buckling strength begins to decrease. A full treatment of the potential utility of steel
foam thin-walled structural sections also requires consideration of member yield loads
and imperfections. It is shown that for base steel with yielding stress of 345 MPa and
elastic modulus of 2.03 × 105MPa, replacing steel walls with steel foam walls with
high relative density increases collapse load of the C-channel under pure bending.
By using the Sobol’ decomposition, an optimum configuration for the variable
density steel foam C-channel can be found. It is shown that replacing solid steel of
the web with steel foam increases the buckling strength of C-channel. For high relative
density, replacing solid steel of the lips and flange elements with steel foam increases
the buckling strength. On the other hand, for low relative density replacing solid
steel of the lips and flange elements with steel foam deceases the buckling strength.
Moreover, it is shown that buckling strength of the steel foam C-channel is sensitive
to the second order Sobol’ indices.
The results presented here give a strong indication that steel foam members are
less susceptible to catastrophic buckling failure than equivalent solid steel sections.
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CHAPTER 5
SUMMARY AND FUTURE WORK
5.1 Summary
This dissertation presents a set of research efforts including analytical investi-
gations, finite element and finite strip analysis with a concentration on structural
application of metal foams.
The Sobol’ decomposition of a function of many random variables is applied to a
problem in structural mechanics, namely the collapse of a two story two bay frame
under gravity load. Prior to introduction of this application example, the Sobol’
decomposition itself is reviewed and extended to cover the case in which the input
random variables have Gaussian distribution. In the structural example, the Sobol’
decomposition is used to decompose the variance of the response, the collapse load,
into contributions from the individual input variables. This decomposition reveals
the relative importance of the individual member yield stresses in determining the
collapse load of the frame. In applying the Sobol’ decomposition to this structural
problem the following issues are addressed: (1) Calculation of the components of the
Sobol’ decomposition by Monte Carlo simulation, (2) The effect of input distribution
on the Sobol’ decomposition, and (3) the possibility of model reduction guided by the
results of the Sobol’ decomposition.
In the second chapter, application of metal foam as a energy dissipator in struc-
tural braces is investigated. It is assumed in the simulations that metal foams have
elastic perfectly plastic property with identical tension and compression behavior
and no degradation in tension and compression. Preliminary exploration of an SCBF
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(special concentrically braced frame) where steel foam links replace the brace of the
frame with BRB (buckling restrained braced) shows the potential for excellent per-
formance. Different dynamic responses such as roof drift, base shear and maximum
moment in the columns are reduced by using metal foams in structural braces. Since
the damage is focused within the braces, these braces permit optimization for the
desired performance. It is shown that how an optimum value for the metal foam
strength and elastic modulus can be found. Moreover, it is demonstrated that these
optimum values depend on the applied earthquake. Therefore, metal foam needs to
be designed for the earth quake corresponds to the frame location.
Metal foam can be used as a hysteretic damper in structures, if the metal foam
does not degrade significantly under cyclic loading. One of the concerns in using metal
foam in structural braces is detailing of the metal foam and brace connection. Because
the brace cross section is smaller than metal foam cross section, there would be a
stress concentration and local rupture in the connection of metal foam to steel brace.
Therefore, this connection should be designed in a way to avoid stress concentration
in metal foams.
Two archetype steel structures, square steel tube and thin walled C-channel, are
defined to investigate how using metal foam can improve their structural behavior.
Filling the steel tube, the first archetype, with steel foam can improve the strength
and ductility of the steel tube. These improvements are obtained both in compression
and bending. Moreover, if composite action between the steel foam and steel tube
increases, the strength of the element will improve such that the failure mode changes
from local buckling to cross section yielding. The bending and compression behav-
iors are sensitive to the configuration of the foam fill and the optimal configuration
depends on the fraction of the interior volume that is to be filled. As a case in point,
for a small volume fraction of foam, the best performance improvement is obtained
by placing the foam in contact with any walls loaded in compression.
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It is shown that filling the steel tube beam with aluminum foam, with fully com-
posite behavior, can improve the strength and ductility of steel tube significantly.
Furthermore, the dominant variables are steel ultimate strength and tube thickness
for the beam strength and steel yield stress and ultimate strength and aluminum foam
plateau stress for the beam energy absorption capacity. Therefore the additional alu-
minum foam mostly affects the energy absorption capacity of the foam filled tube
rather than its strength.
In the fourth chapter, the steel walls of a thin walled C-channel, the second
archetype, are replaced with steel foam to improve the buckling response of the C-
channel. In this replacement the total weight per unit length of the C-channel is
held constant. It is shown that C-channels made of steel foam are stronger with re-
spect to local buckling, but weaker with respect to global buckling, than C-channels
made of solid steel of the same weight per unit length. Replacing steel walls of the
C-channel with steel foam changes the buckling mode from local to distortional and
from distortional to global buckling. Moreover, any increase in C-channel strength
introduced by using steel foam to make the channel is more pronounced for axial loads
than bending. It is demonstrated that there is an optimal value of relative density at
which the improvement in strength of the foam C-channel over the equivalent solid
steel C-channel is maximized.
The Sobol’ decomposition is used to optimize the metal foam C-channel cross
section. The optimum configuration can be achieved by just foaming the web element,
which will increase the local buckling resistance of the C-channel.
Among other things, the results summarized in this dissertation show the wide
range of possible transformative applications for metal foam. Given the demonstra-
tion over the past decade of the possibility of manufacturing metal foams with desir-
able properties, this work provides further impetus to the development of metal foams
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suitable for use in civil structures, and the continued development of novel structural
applications of metal foams.
5.2 Future Work
Many problems remain unaddressed in structural application of metal foams.
Some subjects can be studied in the future and they might have promising outcomes.
These subjects are:
• Sobol’ decomposition is used in this study for independent random variables,
while in the most structural problems input variables are dependent on each
other. Extension of the Sobol’ decomposition for the case of dependent variables
can be investigated in the future work.
• In this study an elastic perfectly plastic form is chosen for the material constitu-
tive model which is a major simplification. Development of validated numerical
modeling for metal foam behavior in compression and tension will enable careful
examination of metal foam applications in civil structures.
• After developing a constitutive model which represents the metal foam’s mi-
crostructural behavior, metal foam microstructure can be designed to optimize
the specific structural applications.
• All the simulations are numerical simulations and no experimental test conducts
in this study, because steel foam could not be provided. Simulations result can
be verified by experimental test.
• Detailing of using metal foams in structural application affects the performance
of metal foams in the structures significantly. With appropriate design and
detailing, local failure will be avoided after construction. As a case in point, al-
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though preliminary studies have shown that good quality welds can be achieved,
the bolting of metal foams has not yet been investigated.
• In this study, improvement of C-channel performance by replacing steel walls
with steel foams is investigated. Another way of increasing buckling strength of
C-channel is reinforcing it with metal foam. Inserting metal foam to thin-walled
structures will not affect the weight of the members significantly, so it will not
change the design goals of the thin-walled structures. By looking at the shape
of the local and distortional buckling modes and finding the weak points of the
cross section, different options could be introduced to increase wall stability in
C-channels. This problem can be considered as an optimization problem to find
the optimum configuration of the metal foam for desirable C-channel behavior.
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